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Abstract 

In this paper, we propose the solution in ℕ3 of the equation √2𝑧 − 4 = √𝑥 + √𝐶𝑦 ∓ √𝑥 − √𝐶𝑦 

using continued fractions for two particular values of C. Our work extend the study 

that is already recently done on the same context. Our method will be based over the 

theory of continued fractions. We give the general expression of solutions by the 

recurrence relation.
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1. Introduction 

Solutions of the Pell equation play a very important role in the field of scientific reasearch. In paticular, the field of cryptology, 

these solutions allow to have a fairly reassure cryptographic system [8]. On the research in mathematics, its solutions also allows 

to find the solutions of difficult equation [9]. Recently, a new way of thinking has been implemented to solve the transcendantal 

equation (E) : √2𝑧 − 4 = √𝑥 + √𝐶𝑦 ∓ √𝑥 − √𝐶𝑦, thanks to the solutions of the Pell equation using the continued fraction theory. Its 

solution which is presented in article [1] concerns only the values of de 𝐶 ∈ {𝑚2 + 1, 𝑚2 − 1, 𝑚2 + 2, 𝑚2 − 2, 𝑚2 + 𝑚 𝑒𝑡 𝑚2 −
𝑚}. The question sequent : is it not possible to express the solutions of this equation for other values of C ? This is what we will 

detail in this article. We will start our work by presenting the theory of the solving the Pell equation, using concept of continued 

fractions. Then, we will transform (E) in order to make the Pell equation 𝑥2 − 𝐷𝑦2 = 𝑎 (Where D is an integer which is not 

perfect square) appear. Finally, we propose the solutions of (E) for two particular values of C which are not included in paper 
[1]. 

 

2. Preliminaries 

In this part, we reminder the theory on the resolution of the Pell equation, usign of concept on the continued fraction. 

Let 𝑑 be a positive integer which is not a perfect square. Let us notice by √𝑑 = [𝑎0, 𝑎1, 𝑎2, … , 𝑎𝑛, 2𝑎0
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅], the continued fraction 

expansion of √𝑑 which periodic. Let ℓ be the length of this period. The 𝑘𝑒𝑚𝑒  convergent of √𝑑 for 𝑘 ≥ 0 is given by: 𝑟𝑘 =
𝑝𝑘

𝑞𝑘
=

[𝑎0, 𝑎1, … . , 𝑎𝑘]. 

With, 𝛼0 = √𝑑, 𝑎𝑘 = 𝐸(𝛼𝑘) and 𝛼𝑘+1 =
1

𝛼𝑘−𝑎𝑘
, 𝑘 = 0,1,2, … 

 Let (𝑥1, 𝑦1), is the fondamental solution of 𝑥2 − 𝑑𝑦2 = 1. 
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Theorem 2.1 

The fondamental solution of 𝑥2 − 𝑑𝑦2 = 1 is : (𝑥1, 𝑦1) = {
(𝑝ℓ−1, 𝑞ℓ−1), 𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛;

 (𝑝2ℓ−1, 𝑞2ℓ−1), 𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑜𝑑.
 

 

Theorem 2.2 

Let (𝑥1, 𝑦1), is the fondamental solution of 𝑥2 − 𝑑𝑦2 = 1. Then all positive integer solutions of the equation 𝑥2 − 𝑑𝑦2 = 1 are 

given by 𝑥𝑛 + 𝑦𝑛√𝑑 = (𝑥1 + 𝑦1√𝑑)
𝑛

, 𝑤𝑖𝑡ℎ 𝑛 ≥ 1. 

 

Theorem 2.3 

Let 𝑑 ≡ 1[4] or 𝑑 ≡ 2[4] or 𝑑 ≡ 3[4]. If (𝑥1, 𝑦1), is the fondamental solution of 𝑥2 − 𝑑𝑦2 = 1, then the fondamental solution 

of 𝑥2 − 𝑑𝑦2 = 4 is (2𝑥1, 2𝑦1).  

Let us then put (𝑢1, 𝑣1) = (2𝑥1, 2𝑦1), the fondamental solution of 𝑥2 − 𝑑𝑦2 = 4. 
 

Theorem 2.4. 

 Let 𝑢1 + 𝑣1√𝑑, is the fondamental solution of 𝑥2 − 𝑑𝑦2 = 4. Then all positive integer solutions of the 𝑥2 − 𝑑𝑦2 = 4 is : 𝑢𝑛 +

𝑣𝑛√𝑑 =
(𝑢1+𝑣1√𝑑)

𝑛

2𝑛−1 , 𝑛 ∈ ℕ∗. 

 

Corollary 2.1. 

If 𝑢1 + 𝑣1√𝑑 is the fondamental solution of 𝑥2 − 𝑑𝑦2 = 4, then: 

 

𝑢𝑛 =
𝑢1𝑢𝑛−1 + 𝐷𝑣1𝑣𝑛−1

2
 𝑒𝑡 𝑣𝑛 =

𝑣1𝑢𝑛−1 + 𝑢1𝑣𝑛−1

2
 

 

The complete theory on solving Pell’s equation can be found in [2-7]. 

 

Now, we are going to transform the equation √2𝑧 − 4 = √𝑥 + √𝐶𝑦 ∓ √𝑥 − √𝐶𝑦 in order to show the Pell equation. 

 

3. Transforming initial equation into three unknowns systeme of equations 

We remember that the main objective of this article consist in extending the solution of the equation (E) which is already done 

in article [1]. 

 

We have: √2𝑧 − 4 = √𝑥 + √𝐶𝑦 ∓ √𝑥 − √𝐶𝑦. 

 

After squaring each side of this equation, we get: 2𝑧 − 4 = 2𝑥 ± 2√𝑥2 − 𝐶𝑦2. 

 

Let : 𝑧 = 𝑥 + 2 ± √𝑥2 − 𝐶𝑦2. 

Let us then put: 𝑥2 − 𝐶𝑦2 = 𝛼2. 

So : 𝑧 = 𝑥 + 2 ± 𝛼2. 

 

We then obtain the following system of equations with three unknowns : (𝑆): {
𝑥2 − 𝐶𝑦2 = 𝛼2

𝑧 = 𝑥 + 2 ± 𝛼2
  

 

In order to be able to consider that the first equation is of Pell, it is necessary that C is in integer which is not a perfect square, 

and 𝛼 is an intger. Under these two conditions, the set of solutions of (S) gives the set of solutions of (E) for given valur of C. 

In the paper [1] deals only with case 𝛼 = 1. In this paper, we will extend our study for 𝛼 ∈ {1,2} and by successively setting the 

value of C by : 25𝑚2 + 52𝑚 + 27 𝑒𝑡 9𝑚2 + 19𝑚 + 10, m is a natural number. It is easy to show that these two integers are 

notices perfect squares. Our main results can be stated as the following theorems.  

 

4. Results 

4.1. Solving système (S) for 𝜶 = 𝟏 

 

For 𝛼 = 1, this system is definied by (S): {
𝑥2 − 𝐶𝑦2 = 1 (1)

𝑧 = 𝑥 + 2 ± 1 (2)
 

 

(i) For 𝑪 = 𝟐𝟓𝒎𝟐 + 𝟓𝟐𝒎 + 𝟐𝟕 

 

Theorem 4.1 

Let 𝑚 be a positive integer and let 𝐶 = 25𝑚2 + 52𝑚 + 27. 

1) The continued fraction expansion of √𝐶 is √𝐶 = [5𝑚 + 5; 5; 10𝑚 + 10̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ], 𝑚 ∈ ℕ, 
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2) For all 𝑚 ∈ ℕ, the fondamental solution of (1) is (𝑥1, 𝑦1) = (25𝑚 + 26,5), 

3) Let us consider {(𝑥𝑛 , 𝑦𝑛)}, where : 
𝑥𝑛

𝑦𝑛
= [5𝑚 + 5; (5; 10𝑚 + 10)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝑛−1;  5] for 𝑛 ≥ 2. 

 

Then (𝑥𝑛 , 𝑦𝑛) is the solution of 𝑥2 − (25𝑚2 + 52𝑚 + 27)𝑦2 = 1 

 

4) The consecutive solutions (𝑥𝑛 , 𝑦𝑛, 𝑧𝑛) and (𝑥𝑛+1, 𝑦𝑛+1, 𝑧𝑛+1) satisfy the following system : 

{

𝑥𝑛+1 = (25𝑚 + 26)𝑥𝑛 + (125𝑚2 + 260𝑚 + 135)𝑦𝑛 

𝑦𝑛+1 = 5𝑥𝑛 + (25𝑚 + 26)𝑦𝑛 

𝑧𝑛+1 = (25𝑚 + 26)𝑥𝑛 + (125𝑚2 + 260𝑚 + 135)𝑦𝑛 + 2 ± 1.

for 𝑛 ≥ 1. 

 

5) The solutions (𝑥𝑛 , 𝑦𝑛, 𝑧𝑛) satisfy the following reccurence relation: 

 {

𝑥𝑛 = (50𝑚 + 51)(𝑥𝑛−1 + 𝑥𝑛−2) − 𝑥𝑛−3 

𝑦𝑛 = (50𝑚 + 51)(𝑦𝑛−1 + 𝑦𝑛−2) − 𝑦𝑛−3 

𝑧𝑛 = (50𝑚 + 51)[𝑧𝑛−1 + 𝑧𝑛−2 − 2 × (2 ± 1)] − [𝑧𝑛−3 − 2 × (2 ± 1)].

 

 

Proof 

Let us show (1) 

For 𝑚 ≥ 0, we get : 𝐶 = 25𝑚2 + 52𝑚 + 27 = (5𝑚 + 5)2 + 2𝑚 + 2. 

 

So, 𝛼0 = √𝐶 = √(5𝑚 + 5)2 + 2𝑚 + 2.  

 

And so, 𝑎0 = 5𝑚 + 5. 
 

And 𝛼0 = (5𝑚 + 5) + √𝐶 − (5𝑚 + 5) 

 

 = (5𝑚 + 5) +
(√𝐶−(5𝑚+5))(√𝐶+(5𝑚+5))

(√𝐶+(5𝑚+5))
 

 = (5𝑚 + 5) +
2𝑚+2

√𝐶+(5𝑚+5)
 

 = (5𝑚 + 5) +
1

√𝐶+5𝑚+5

2𝑚+2

  

 

Let us put : 𝛼1 =
√𝐶+5𝑚+5

2𝑚+2
= √(

5𝑚+5

2𝑚+2
)

2

+
1

2𝑚+2
+

5𝑚+5

2𝑚+2
. 

 

For 𝑚 ≥ 0, we have : {

5

2
≤

5𝑚+5

2𝑚+2
≤

5

2
⟺

25

4
≤ (

5𝑚+5

2𝑚+2
)

2

≤
25

4

0 <
1

2𝑚+2
≤

1

2
 

. 

 

We deduce that : 5 < 𝛼1 < 5,02. 
 

So, 𝑎1 = 𝐸(𝛼1) = 5.  
 

We have, 𝛼1 = 5 +
√𝐶+5𝑚+5

2𝑚+2
− 5 

 

 = 5 +
(√𝐶−(5𝑚+5))(√𝐶+(5𝑚+5))

(2𝑚+2)(√𝐶+(5𝑚+5))
  

 

 = 5 +
1

√𝐶+(5𝑚+5)
  

 

Let us put : 𝛼2 = √𝐶 + (5𝑚 + 5). 
 

So, 𝑎2 = 𝐸(𝛼2) = 5𝑚 + 5 + 5𝑚 + 5 

 

= 10𝑚 + 10 

 

Then, 𝛼2 = 10𝑚 + 10 + √𝐶 + 5𝑚 + 5 − (10𝑚 + 10) 

 

= 10𝑚 + 10 +
(√𝐶 − (5𝑚 + 5))(√𝐶 + 5𝑚 + 5)

(√𝐶 + 5𝑚 + 5)
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 = 5 +
1

√𝐶+5𝑚+5

2𝑚+2

 

 

Let us put : 𝛼3 =
√𝐶+5𝑚+5

2𝑚+2
. 

 

As 𝛼3 = 𝛼2 =
√𝐶+5𝑚+5

2𝑚+2
, then the algorithm stops and the continued fraction expansion of √𝐶 is √𝐶 = [𝑎0; 𝑎1; 𝑎2̅̅ ̅̅ ̅̅ ̅]. 

 

Hence, for any natural number m : √25𝑚2 + 52𝑚 + 27 = [5𝑚 + 5; 5; 10𝑚 + 10̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ]. 
 

Let us show (2) 

According 1, the continued fraction expansion of √25𝑚2 + 52𝑚 + 27 = [5𝑚 + 5; 5; 10𝑚 + 10̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ].  
 

According to theorem 2.1, the fondamental solution of 𝑥2 − 𝐶𝑦2 = 1 is (𝑝1; 𝑞1).  
 

We get : 𝑟1 =
𝑝1

𝑞1
= [5𝑚 + 5;  5] 

 

 = 5𝑚 + 5 +
1

5
 

 

 =
25𝑚+26

5
 

 

Let: 𝑝1 = 25𝑚 + 26 𝑒𝑡 𝑞1 = 5. 
 

Hence, the fondamental solution of 𝑥2 − (25𝑚2 + 52𝑚 + 27)𝑦2 = 1 is (𝑥1; 𝑦1) = (25𝑚 + 26; 5).  
 

Let us show (3) and (4) 

We assume that for any natural number 𝑛 ≥ 2, (𝑥𝑛, 𝑦𝑛) is solution of  

 

 𝑥2 − (25𝑚2 + 52𝑚 + 27)𝑦2 = 1, with 
𝑥𝑛

𝑦𝑛
= [5𝑚 + 5; (5; 10𝑚 + 10)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝑛−1;  5]. We will prove that (𝑥𝑛+1, 𝑦𝑛+1) is also 

solution. 

 

We get, 
𝑥𝑛+1

𝑦𝑛+1
= [5𝑚 + 5; (5; 10𝑚 + 10)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝑛;  5] 

 

= [5𝑚 + 5; 5; 10𝑚 + 10; (5; 10𝑚 + 10)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
𝑛−1;  5]  

 

 = [5𝑚 + 5; 5; 5𝑚 + 5 + 5𝑚 + 5; (5; 10𝑚 + 10)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
𝑛−1;  5]  

 

 [5𝑚 + 5; 5; 5𝑚 + 5 +
𝑥𝑛

𝑦𝑛

] 

 

 = 5𝑚 + 5 +
1

5+
1

5𝑚+5+
𝑥𝑛
𝑦𝑛

 

 

 = 5𝑚 + 5 +
1

5𝑥𝑛+(25𝑚+26)𝑦𝑛
𝑥𝑛+5(𝑚+1)𝑦𝑛

 

 

 =
(25𝑚+26)𝑥𝑛+(125𝑚2+260𝑚+135)𝑦𝑛

5𝑥𝑛+(25𝑚+26)𝑦𝑛
 

 

So, 
𝑥𝑛+1

𝑦𝑛+1
=

(25𝑚+26)𝑥𝑛+(125𝑚2+260𝑚+135)𝑦𝑛

5𝑥𝑛+(25𝑚+26)𝑦𝑛
, 𝑛 ≥ 2. 

 

And so : 𝑥𝑛+1 = (25𝑚 + 26)𝑥𝑛 + (125𝑚2 + 260𝑚 + 135)𝑦𝑛 and 𝑦𝑛+1 = 5𝑥𝑛 + (25𝑚 + 26)𝑦𝑛. 
 

Then 

𝑥𝑛+1
2 − 𝐶𝑦𝑛+1

2 = ((25𝑚 + 26)𝑥𝑛 + (125𝑚2 + 260𝑚 + 135)𝑦𝑛)
2

− 𝐶(5𝑥𝑛 + (25𝑚 + 26)𝑦𝑛)2 

 

Let us put: 𝑎 = ((25𝑚 + 26)𝑥𝑛 + (125𝑚2 + 260𝑚 + 135)𝑦𝑛)
2
 

 𝑏 = 𝐶(5𝑥𝑛 + (25𝑚 + 26)𝑦𝑛)2 
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Then 

𝑎 = (625𝑚2 + 1300𝑚 + 676)𝑥𝑛
2 + (6250𝑚3 + 19500𝑚2 + 20270𝑚 + 7020)𝑥𝑛𝑦𝑛 + (15625𝑚4 +  65000𝑚3 +

101350𝑚2 + 70200𝑚 + 18225)𝑦𝑛
2  

  

𝑏 = (625𝑚2 + 1300𝑚 + 676)𝑥𝑛
2 + (6250𝑚3 + 19500𝑚2 + 20270𝑚 + 7020)𝑥𝑛𝑦𝑛 + (15625𝑚4 + 

 

101350𝑚2 + 70200𝑚 + 18225)𝑦𝑛
2 

 

So : 𝑥𝑛+1
2 − 𝐶𝑦𝑛+1

2 = 𝑎 − 𝑏  

 

 = 𝑥𝑛
2 + 0 × 𝑥𝑛𝑦𝑛 + (−25𝑚2 − 52𝑚 − 27)𝑦𝑛

2 
 

 = 𝑥𝑛
2 − (25𝑚2 + 52𝑚 + 27)𝑦𝑛

2 
 

 = 1 

 

So (𝑥𝑛+1, 𝑦𝑛+1) is solution of 𝑥𝑛
2 − (25𝑚2 + 52𝑚 + 27)𝑦𝑛

2 = 1. 
 

Accirding to equation 2, we can write 𝑧𝑛+1 = 𝑥𝑛+1 + 2 ± 1. 

 

Let, 𝑧𝑛+1 = (25𝑚 + 26)𝑥𝑛 + (125𝑚2 + 260𝑚 + 135)𝑦𝑛 + 2 ± 1. 
 

Thus (𝑥𝑛+1, 𝑦𝑛+1, 𝑧𝑛+1) is solution of √2𝑧 − 4 = √𝑥 + √𝐶𝑦 ∓ √𝑥 − √𝐶𝑦. 

 

Let us show (5) 

We assume that for 𝑛 ≥ 4, 𝑥𝑛 = (50𝑚 + 51)(𝑥𝑛−1 + 𝑥𝑛−2) − 𝑥𝑛−3. 

 

Let us show that 𝑥𝑛+1 = (50𝑚 + 51)(𝑥𝑛 + 𝑥𝑛−1) − 𝑥𝑛−2. 

 

For 𝑛 ≥ 2: 𝑥𝑛+1 = (25𝑚 + 26)𝑥𝑛 + (125𝑚2 + 260𝑚 + 135)𝑦𝑛 

 

Let 𝑥𝑛+1 = (25𝑚 + 26)𝑥𝑛 + (25𝑚2 + 52𝑚 + 27) × 5 × 𝑦𝑛 

 

Or again : 𝑥𝑛+1 = 𝑥1𝑥𝑛 + 𝐷𝑦1𝑦𝑛 

 

We have : 𝑥𝑛+1 = 𝑥1[(50𝑚 + 51)(𝑥𝑛−1 + 𝑥𝑛−2) − 𝑥𝑛−3] + 𝐷𝑦1[(50𝑚 + 51)(𝑦𝑛−1 + 𝑦𝑛−2) − 𝑦𝑛−3] 
 

 = (50𝑚 + 51)[𝑥1(𝑥𝑛−1 + 𝑥𝑛−2) + 𝐷𝑦1(𝑦𝑛−1 + 𝑦𝑛−2)] − 𝑥1𝑥𝑛−3 − 𝐷𝑦1𝑦𝑛−3 

 

 = (50𝑚 + 51)[𝑥1𝑥𝑛−1 + 𝐷𝑦1𝑦𝑛−1 + 𝑥1𝑥𝑛−2 + 𝐷𝑦1𝑦𝑛−2] − (𝑥1𝑥𝑛−3 + 𝐷𝑦1𝑦𝑛−3) 
 

 = (50𝑚 + 51)(𝑥𝑛 + 𝑥𝑛−1) − 𝑥𝑛−2 

 

For all 𝑛 ≥ 4, 𝑥𝑛+1 = (50𝑚 + 51)(𝑥𝑛 + 𝑥𝑛−1) − 𝑥𝑛−2. 

 

Thus, 𝑥𝑛 = (50𝑚 + 51)(𝑥𝑛−1 + 𝑥𝑛−2) − 𝑥𝑛−3. 

We use the same approach to show that for 𝑛 ≥ 2, 𝑦𝑛 = (50𝑚 + 51)(𝑦𝑛−1 + 𝑦𝑛−2) − 𝑦𝑛−3. 

Finally, let use show that for 𝑛 ≥ 2, we get 

 

𝑧𝑛 = (51𝑚 + 51)[𝑧𝑛−1 + 𝑧𝑛−2 − 2 × (2 ± 1)] − [𝑧𝑛−3 − 2 × (2 ± 1)].  
 

We know that for 𝑛 ≥ 4, one has 𝑧𝑛+1 = (25𝑚 + 26)𝑥𝑛 + (125𝑚2 + 260𝑚 + 135)𝑦𝑛 + 2 ± 1.  
 

Let 𝑧𝑛 = (25𝑚 + 26)𝑥𝑛−1 + (25𝑚2 + 52𝑚 + 27) × 5 × 𝑦𝑛−1 + 2 ± 1 

Or again : 𝑧𝑛 = 𝑥1𝑥𝑛−1 + 𝐶𝑦1𝑦𝑛−1 + 2 ± 1  

 

We have : 𝑧𝑛 = 𝑥1[(50𝑚 + 51)(𝑥𝑛−2 + 𝑥𝑛−3) − 𝑥𝑛−4] + 𝐶𝑦1[25(𝑚 + 1)(𝑦𝑛−2 + 𝑦𝑛−3) − 𝑦𝑛−4] + 2 ± 1 

 

 = (50𝑚 + 51)[𝑥1(𝑥𝑛−2 + 𝑥𝑛−3) + 𝐷𝑦1(𝑦𝑛−2 + 𝑦𝑛−3)] − 𝑥1𝑥𝑛−4 − 𝐷𝑦1𝑦𝑛−4 + 2 ± 1 

 

 = (50𝑚 + 51)[𝑥1𝑥𝑛−2 + 𝐷𝑦1𝑦𝑛−2 + 2 ± 1 + 𝑥1𝑥𝑛−3 + 𝐷𝑦1𝑦𝑛−3 + 2 ± 1 − 2 × (2 ± 1)] 
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 −(𝑥1𝑥𝑛−4 + 𝐷𝑦1𝑦𝑛−4 + 2 ± 1) + 2 × (2 ± 1) 

 

 = (50𝑚 + 51)(𝑧𝑛−1 + 𝑧𝑛−2) − 𝑧𝑛−2 + 2 × (2 ± 1). 

 

For 𝑛 ≥ 4, 𝑧𝑛 = (50𝑚 + 51)(𝑧𝑛−1 + 𝑧𝑛−2) − 𝑧𝑛−2 + 2 × (2 ± 1).  

 

(ii) For 𝑪 = 𝟗𝒎𝟐 + 𝟏𝟗𝒎 + 𝟏𝟎. 
In an analogous way to the previous results, we show the following theorem. 

 

Therem 4.2 

Let 𝑚, be a positive integer and let 𝐶 = 9𝑚2 + 19𝑚 + 10. 
 

1) The continued fraction expansion of √𝐶 is √𝐶 = [3𝑚 + 3; ; 6; 6𝑚 + 6̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ] 
2) For all 𝑚 ∈ ℕ, the fondamental solution of (1) is (𝑥1, 𝑦1) = (18𝑚 + 19,6). 

3) Set {(𝑥𝑛 , 𝑦𝑛)} where: 
𝑥𝑛

𝑦𝑛
= [3𝑚 + 3; (6; 6𝑚 + 6̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)𝑛−1;  6],  

 

Then (𝑥𝑛 , 𝑦𝑛) is the solution of 𝑥2 − (9𝑚2 + 19𝑚 + 10)𝑦2 = 1 
 

4) The consecutive solutions (𝑥𝑛 , 𝑦𝑛, 𝑧𝑛) and (𝑥𝑛+1, 𝑦𝑛+1, 𝑧𝑛+1) satisfy the following system : 

 

{

𝑥𝑛+1 = (18𝑚 + 19)𝑥𝑛 + (54𝑚2 + 114𝑚 + 60)𝑦𝑛  

𝑦𝑛+1 = 6𝑥𝑛 + (18𝑚 + 19)𝑦𝑛 

𝑧𝑛+1 = (18𝑚 + 19)𝑥𝑛 + (54𝑚2 + 114𝑚 + 60)𝑦𝑛 + 2 ± 1

 

 

5) The solutions (𝑥𝑛 , 𝑦𝑛, 𝑧𝑛) satisfy the following reccurence relation 

 

{

𝑥𝑛 = (36𝑚 + 37)(𝑥𝑛−1 + 𝑥𝑛−2) − 𝑥𝑛−3.

𝑦𝑛 = (36𝑚 + 37)(𝑦𝑛−1 + 𝑦𝑛−2) − 𝑦𝑛−3 

 𝑧𝑛 = (36𝑚 + 37)[𝑧𝑛−1 + 𝑧𝑛−2 − 2 × (2 ± 1)] − [𝑧𝑛−3 − 2 × (2 ± 1)].

 

 

Now we will solve this system for 𝛼 = 2. 
 

4.2. Solving système (S) for 𝜶 = 𝟐 

 

For 𝛼 = 2, this system is definied by : {
𝑥2 − 𝐶𝑦2 = 4 (1)

𝑧 = 𝑥 + 2 ± 4 (2)
 

 

(i) For 𝑪 = 𝟐𝟓𝒎𝟐 + 𝟓𝟐𝒎 + 𝟐𝟕. 
 

Lemma 4.1 

Let 𝐶 = 25𝑚2 + 52𝑚 + 27. If m is even, then 𝐶 ≡ 3[4] 
 

Theorem 4.3 

If m is even, then the fondamentat solution of 𝑥2 − 𝐶𝑦2 = 4 is (𝑢1, 𝑣1) = (50𝑚 + 52,10).  

 

Proof 

Proof of lemma 4.1 

We get, 𝐶 = 25𝑚2 + 52𝑚 + 27 ≡ 𝑚2 + 3[4]. 
If m is even, that is to say 𝑚 = 2𝑘, 𝑤𝑖𝑡ℎ 𝑘 ∈ ℕ, then 𝑚2 = 4𝑘2. 

So 4|𝑚2, thus, 𝐶 ≡ 3[4]. 
 

Proof of theorem 4.3 

According to lemma 4.1, if m is even, then, 𝐶 ≡ 3[4]. According to the theorem 2.3, and the second point of theorem 4.1, 

(𝑢1, 𝑣1) =  (50𝑚 + 52,10) is the fondamental of 𝑥2 − (25𝑚2 + 52𝑚 + 27)𝑦2 = 4.  
 

Theorem 4.4 

Let 𝑚 be a positive integer and let 𝐶 = 25𝑚2 + 52𝑚 + 27. 
 

1) The consecutive solutions (𝑥𝑛 , 𝑦𝑛, 𝑧𝑛) and (𝑥𝑛+1, 𝑦𝑛+1, 𝑧𝑛+1) satisfy the following system 
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 {

𝑢𝑛+1 = (25𝑚 + 26)𝑢𝑛 + (125𝑚2 + 260𝑚 + 135)𝑣𝑛 

𝑣𝑛+1 = 5𝑢𝑛 + (25𝑚 + 26)𝑣𝑛 

𝑧𝑛+1 = (25𝑚 + 26)𝑢𝑛 + (125𝑚2 + 260𝑚 + 135)𝑣𝑛 + 2 ± 4

 

 

2) The solutions (𝑥𝑛 , 𝑦𝑛, 𝑧𝑛) satisfy the following reccurence relation 

 {

𝑢𝑛 = (50𝑚 + 51)(𝑢𝑛−1 + 𝑢𝑛−2) − 𝑢𝑛−3 

𝑣𝑛 = (5𝑚 + 51)(𝑣𝑛−1 + 𝑣𝑛−2) − 𝑣𝑛−3 

𝑧𝑛 = (50𝑚 + 51)[𝑧𝑛−1 + 𝑧𝑛−2 − 2 × (2 ± 4)] − [𝑧𝑛−3 − 2 × (2 ± 4)]

 

 

Proof 

According to the corollary 2.1, we get: 

 

𝑢𝑛 =
𝑢1𝑢𝑛−1 + 𝐷𝑣1𝑣𝑛−1

2
 𝑒𝑡 𝑣𝑛 =

𝑣1𝑢𝑛−1 + 𝑢1𝑣𝑛−1

2
 

 

So : {
𝑢𝑛+1 =

𝑢1𝑢𝑛+𝐷𝑣1𝑣𝑛

2

𝑣𝑛+1 =
𝑣1𝑢𝑛+𝑢1𝑣𝑛

2

 

 

Let: {
𝑢𝑛+1 =

(50𝑚+52)𝑢𝑛+(25𝑚2+52𝑚+27)×10×𝑣𝑛

2
 

𝑣𝑛+1 =
10𝑢𝑛+(50𝑚+52)𝑣𝑛

2
 

 

 

From where, for 𝑛 ≥ 1, we have: {
𝑢𝑛+1 = (25𝑚 + 26)𝑢𝑛 + (125𝑚2 + 260𝑚 + 135)𝑣𝑛

𝑣𝑛+1 = 5𝑢𝑛 + (25𝑚 + 26)𝑣𝑛 
 

 

For the third equation: 𝑧𝑛+1 = 𝑢𝑛+1 + 2 ± 4. 
 

So for 𝑛 ≥ 1,  𝑧𝑛+1 = (25𝑚 + 26)𝑢𝑛 + (125𝑚2 + 260𝑚 + 135)𝑣𝑛 + 2 ± 4.  
 

For the second point, we prove in a way analogous to the fifth point of theorem 4.1. 

 

(ii) For 𝑪 = 𝟗𝒎𝟐 + 𝟏𝟗𝒎 + 𝟏𝟎 

Lemma 4.2 

Let 𝐶 = 9𝑚2 + 19𝑚 + 10. If 𝑚 = 4𝑘 or 𝑚 = 4𝑘 + 1, with 𝑘 ∈ ℕ, then 𝐶 ≡ 2[4]. 
 

Theorem 4.5 

If 𝑚 = 4𝑘 or 𝑚 = 4𝑘 + 1, then, the fondamental solution of 𝑥2 − 𝐶𝑦2 = 4 𝑖𝑠 (𝑢1, 𝑣1) = (36𝑚 + 38,12) 

 

Theorem 4.6 

Let 𝑚 be a positive integer and let 𝐶 = 9𝑚2 + 19𝑚 + 10. 
 

1) The consecutive solutions (𝑥𝑛 , 𝑦𝑛, 𝑧𝑛) and (𝑥𝑛+1, 𝑦𝑛+1, 𝑧𝑛+1) satisfy the following system 

{

𝑢𝑛+1 = (18𝑚 + 19)𝑢𝑛 + (54𝑚2 + 114𝑚 + 60)𝑣𝑛  

𝑣𝑛+1 = 6𝑢𝑛 + (18𝑚 + 19)𝑣𝑛 

𝑧𝑛+1 = (18𝑚 + 19)𝑢𝑛 + (54𝑚2 + 114𝑚 + 60)𝑣𝑛 + 2 ± 4

 

 

2) The solutions (𝑥𝑛 , 𝑦𝑛, 𝑧𝑛) satisfy the following reccurence relation 

 {

𝑥𝑛 = (36𝑚 + 37)(𝑢𝑛−1 + 𝑢𝑛−2) − 𝑢𝑛−3 

𝑦𝑛 = (36𝑚 + 37)(𝑣𝑛−1 + 𝑣𝑛−2) − 𝑣𝑛−3 

𝑧𝑛 = (36𝑚 + 37)[𝑧𝑛−1 + 𝑧𝑛−2 − 2 × (2 ± 4)] − [𝑧𝑛−3 − 2 × (2 ± 4)]
 

 

5. Conclusion 

In this paper, we presented the resolution of the transcendantal equation √𝑥 + √𝐶𝑦 ∓ √𝑥 − √𝐶𝑦 thanks for the solutions of the 

Pell equation, using of concept the continued fraction for two particular values of C. Our work is an extension of that which is 

already done in the literature. In future work, we will consider studying this same equation in the general case. 
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