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1. Introduction

Solutions of the Pell equation play a very important role in the field of scientific reasearch. In paticular, the field of cryptology,
these solutions allow to have a fairly reassure cryptographic system 1. On the research in mathematics, its solutions also allows
to find the solutions of difficult equation 1. Recently, a new way of thinking has been implemented to solve the transcendantal
equation (E) : v2z—4 = /x+\/fy¢ /x—JEy, thanks to the solutions of the Pell equation using the continued fraction theory. Its
solution which is presented in article [ concerns only the values of de C € {m? + 1,m? — 1,m? + 2,m? — 2,m*> + met m? —
m}. The question sequent : is it not possible to express the solutions of this equation for other values of C ? This is what we will
detail in this article. We will start our work by presenting the theory of the solving the Pell equation, using concept of continued
fractions. Then, we will transform (E) in order to make the Pell equation x2 — Dy? = a (Where D is an integer which is not
perfect square) appear. Finally, we propose the solutions of (E) for two particular values of C which are not included in paper
[

2. Preliminaries

In this part, we reminder the theory on the resolution of the Pell equation, usign of concept on the continued fraction.

Let d be a positive integer which is not a perfect square. Let us notice by Vd = [a,, a1, az, ..., ay, 2a,], the continued fraction
expansion of vd which periodic. Let £ be the length of this period. The k™¢ convergent of v/d for k > 0 is given by: r;, = Z—: =
[ag, ay, vy ag].

With, ay = Vd, a, = E(a) and ay,, = akiak,k =012, ..

Let (x;,v,), is the fondamental solution of x2 — dy? = 1.
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Theorem 2.1
(pé’—l! q{’—l)! lf mis even,

The fondamental solution of x2 — dy? = 1is: (x4, = { . :
Y G, y1) (P20-1, Qze-1), if mis ood.

Theorem 2.2
Let (x4, ), is the fondamental solution of x? — dy? = 1. Then all positive integer solutions of the equation x? — dy? = 1 are

given by x,, + y,Vd = (x, + y,vd)", withn > 1.

Theorem 2.3

Letd = 1[4] or d = 2[4] or d = 3[4]. If (x;,y,), is the fondamental solution of x? — dy? = 1, then the fondamental solution
of x2 — dy? = 4 is (2x4, 2y,).

Let us then put (uy, v;) = (24, 2y,), the fondamental solution of x? — dy? = 4.

Theorem 2.4.
Let u, + v;V/d, is the fondamental solution of x? — dy? = 4. Then all positive integer solutions of the x? — dy? = 4 is : u, +

vnx/a = (ul;'vilﬁ),n € N*.

n-1

Corollary 2.1.
If u; + v,+/d is the fondamental solution of x? — dy? = 4, then:
Uglp—1 + DV, VilUn—1 + UiVpy
u, = > U=

The complete theory on solving Pell’s equation can be found in [2-7].

Now, we are going to transform the equation v2z — 4 = \/x +Cy F \/x —+/Cy in order to show the Pell equation.

3. Transforming initial equation into three unknowns systeme of equations
We remember that the main objective of this article consist in extending the solution of the equation (E) which is already done
in article [1].

We have: V2z—4 = [x ++V/CyF |x —+/Cy.
After squaring each side of this equation, we get: 2z — 4 = 2x + 2,/x2 — Cy?2.

Let:z=x+2=+x%2—Cy>.
Let us then put: x2 — Cy? = a?.
So:z=x+2+ta%

x2 —Cyz = q?

We then obtain the following system of equations with three unknowns : (S): {
z=x+2%+a?

In order to be able to consider that the first equation is of Pell, it is necessary that C is in integer which is not a perfect square,
and « is an intger. Under these two conditions, the set of solutions of (S) gives the set of solutions of (E) for given valur of C.
In the paper [1] deals only with case a = 1. In this paper, we will extend our study for a € {1,2} and by successively setting the
value of C by : 25m?2 + 52m + 27 et 9m? + 19m + 10, m is a natural number. It is easy to show that these two integers are
notices perfect squares. Our main results can be stated as the following theorems.

4. Results
4.1. Solving systéeme (S) fora = 1

_ . e (x2—=Cy? =11
For a = 1, this system is definied by (S): {z —x+241(2)
(i) For € = 25m? + 52m + 27

Theorem 4.1
Let m be a positive integer and let C = 25m? + 52m + 27.

1) The continued fraction expansion of VC is VC = [5m + 5;5;10m + 10],m € N,
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2) Forall m € N, the fondamental solution of (1) is (x;,y,) = (25m + 26,5),
3) Let us consider {(x,,, y,)}, where : ’;—” = [5m + 5; (5;10m + 10),,_4; 5] for n > 2.
Then (x,,,v,,) is the solution of x2 — (25m? + 52m + 27)y? = 1

4) The consecutive solutions (x,, ¥, Z,) and (Xn4+1, Vn+1, Zne1) Satisfy the following system :
Xn+1 = (25m + 26)x, + (125m? + 260m + 135)y,
VYna1 = 5x, + (25m + 26)y, forn > 1.
Znyr = (25m + 26)x, + (125m? + 260m + 135)y, + 2 + 1.

5) The solutions (x,, y,, z,) satisfy the following reccurence relation:
Xp = (50m +51) (-1 + xp_2) — Xn_3
Yn = (50m + 51)(3’11—1 + yn—Z) — Yn-3
z, =(B0m+50)[z, 1 +2,,—2%XQ2x1D]—[2z,-3—2%x 21D

Proof
Let us show (1)
Form > 0,weget: C = 25m? 4+ 52m + 27 = (5m + 5)? + 2m + 2.

S0, @y =VC = /(5m + 5)2 + 2m + 2.
And so, a; = 5m + 5.

And a, = (5m +5) +VC — (5m +5)

(WC-(5m+5))(VC+(5m+5))

= (Gm+5)+ (VC+(5m+5))
2m+2
1
=(m+5) + s
2m+2
2
Letusput: a; = VC+sm+s (5m+5) 1 sm+5.
2m+2 2m+2 2m+2 2m+2
2
ES5m+5SE@§5(5m+5) 25
Form > 0, we have : {2 2m+2 2 4 2m+2 4
0<——<12
2m+2 2

We deduce that : 5 < a; < 5,02.
So,a, = E(ery) = 5.

VC+5m+5
2m+2

We have, a; =5+ -5

(WC-(5m+5))(VC+(5m+5))

=5+ (2m+2)(VC+(5m+5))

1
=2+ VC+(5m+5)

Let us put : a, = vC + (5m + 5).

So,a, =E(a;) =5m+5+5m+5

=10m+ 10

Then, a, = 10m + 10 +V/C + 5m + 5 — (10m + 10)

(/€ = (5m + 5))(VC + 5m + 5)
(€ +5m+5)

=10m+ 10 +
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1

VC+5m+5
2m+2

=5+

C+5m+5
Letus put: as = Cm:"z .

__ JC+5m+5

As asz = a, ===, then the algorithm stops and the continued fraction expansion of VCisVC = [ag; ar; a3

Hence, for any natural number m : v25m? + 52m + 27 = [5m + 5;5; 10m + 10].

Let us show (2)
According 1, the continued fraction expansion of vV25m?2 + 52m + 27 = [5m + 5;5; 10m + 10].

According to theorem 2.1, the fondamental solution of x2 — Cy? = 1is (py; q,).

Weget:r1=%=[5m+5; 5]

1
1
=5m+5+§

_ 25m+26
s

Let: p, = 25m+ 26et g, =5.
Hence, the fondamental solution of x? — (25m? + 52m + 27)y? = 1is (x;;y;) = (25m + 26; 5).

Let us show (3) and (4)
We assume that for any natural number n = 2, (x,,, y,,) is solution of

x% — (25m? + 52m + 27)y? = 1, with ;—” = [5m + 5; (5;10m + 10),,_; 5]. We will prove that (xp41,Vn41)is also
n
solution.

X -
We get, ﬁ = [5m + 5; (5;10m + 10),,; 5]
= [5m + 5;5; 10m + 10; (5; 10m + 10),,_4; 5]

= [5m + 5;55m + 5 + 5m + 5; (5, 10m + 10),,_y; 5]

le
[5m+5;5;5m+5+—

n

S5+ —
5+

Xn
S5m+5+——
yn

1
5xn+(25m+26)yn
xn+5(m+1)yn

=5m+5+

__ (25m+26)xp+(125m2+260m+135)y,
- S5xn+(25m+26)yn

Xn+1 _ (25m+26)xp+(125m%+260m+135)yy,
VYn+1 - S5xn+(25m+26)yn

So, n=2.

Andso: x,.; = (25m + 26)x,, + (125m? + 260m + 135)y, and y,,,; = 5x,, + (25m + 26)y,,.

Then
Xpa1? = Cynsr? = ((25m + 26)x,, + (125m? + 260m + 135)y,)" — C(5x,, + (25m + 26)y,,)?

Let us put: @ = ((25m + 26)x,, + (125m? + 260m + 135)y,)"
b = C(5x, + (25m + 26)y,)?
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Then

a = (625m? + 1300m + 676)x2 + (6250m3 + 19500m? + 20270m + 7020)x,y, + (15625m* + 65000m> +

101350m? + 70200m + 18225)y;?
b = (625m? + 1300m + 676)x2 + (6250m3 + 19500m? + 20270m + 7020)x,y, + (15625m* +
101350m? + 70200m + 18225)y2
SO Xp41? = Cynsr® =a—b
=x2 + 0 X x,y, + (—25m? — 52m — 27)y?
=x2 — (25m? + 52m + 27)y?
=1
S0 (X141, Vneq) is solution of x2 — (25m? + 52m + 27)y? = 1.
Accirding to equation 2, we can write z,,., = x,4; + 2 + 1.

Let, 41 = (25m + 26)x, + (125m? + 260m + 135)y, + 2 + 1.

Thus (X4, Ynt1, Zn+1) 1S Solution of v2z — 4 = \/x +VCyF [x —/Cy.

Let us show (5)
We assume that forn > 4, x,, = (50m + 51)(x,_1 + Xp_3) — Xp_3.

Let us show that x,,,; = (50m + 51)(x,, + xXp_1) — Xp_3.
Forn > 2:x,,, = (25m + 26)x, + (125m? + 260m + 135)y,
Let x4 = (25m + 26)x, + (25m? + 52m + 27) X 5 X y,
Oragain : x,41 = X1X, + Dy1¥n
We have : x4 = %1 [(50m + 51) (xp—g + Xp—2) — Xp—3] + Dy1[(50m + 51)(Yn—1 + Yn-2) — Yn-3]
= (50m + 51) [x1 (xn—1 + %p-2) + Dy1(¥n-1 + Yn-2)] = X1%n—3 = Dy1¥n-3
= (50m + 51)[x1 X1 + DY1Yn—1 + X1Xn—2 + DY1Yn—2] — (x1%n-3 + Dy1Yn-3)
= (50m + 51)(x,, + xXp_1) — Xp—
Foralln = 4,x,., = (50m + 51)(x, + x%,_1) — Xp_3-
Thus, x,, = (50m + 51) (g + x5_2) — Xp_3.
We use the same approach to show that for n = 2,y,, = (50m + 51) (V1 + Yn_2) — Yn_s-
Finally, let use show that for n > 2, we get
z, =GIm+50)[z, 1 +2,,—2%xXQ2x 1] —[2z,.3—2%x 2 x1)]
We know that for n > 4, one has z,,,; = (25m + 26)x, + (125m? + 260m + 135)y, + 2 + 1.

Let z, = (25m + 26)x,_; + (25m? + 52m + 27) X5 Xy, +2+ 1
Oragain:z, =xx,_1 +Cy1 ¥, +2%1

We have : z, = x;[(50m + 51) (x_3 + Xp_3) — Xn_a] + Cy1[25(m + D(Vp_2 + Yn-3) —Yn-al +2 1
= (50m + 51) [x; (Xn—z + Xn—3) + DY1(Vn—2 + Yn-3)] = X1 Xn_s = DYy1yn_s+2 11

=GB0m+51D)[x %y + DY Vnp + 21+ x%03 + DYy +21+1-2%x (2% 1)]
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—(1Xp_a + DYV +2x 1D +2x(211)
=6B0m+51)(z,_1 +25_3) —Zp_p, +2X (21 1).
Forn=4,z, = (50m+51)(z,1 + Zp_3) — Zpn_, + 2 %X (2 £ 1).

(ii) For € = 9m? + 19m + 10.
In an analogous way to the previous results, we show the following theorem.

Therem 4.2
Let m, be a positive integer and let C = 9m? + 19m + 10.

1) The continued fraction expansion of v/C is vVC = [3m + 3;; 6;6m + 6]
2) Forall m € N, the fondamental solution of (1) is (x;,y,) = (18m + 19,6).

3) Set{(x,,y,)} where: i—" =[3m+3;(6;6m + 6),_4; 6],

Then (x,, ¥,,) is the solution of x? — (9m? + 19m + 10)y? = 1
4) The consecutive solutions (x,, Yy, Z,) and (Xp4+1, Yn+1, Zns1) Satisfy the following system :

Xni1 = (18m + 19)x,, + (54m? + 114m + 60)y,
Ynt+1 = 6xq + (18m + 19)yn
Zper = (18m + 19)x, + (54m? + 114m + 60)y, + 2 + 1

5) The solutions (x,, yy, z,,) satisfy the following reccurence relation

X, = (36m + 37)(xp_1 + Xp_2) — Xp_3.
Yn = (36m + 37)(yn—1 + Yn—z) — Yn-3
zy, =@B6m+37)[z,_ 1+ 2, —2X 2 1D)] —[2z,.3—2%x (2% 1D)]

Now we will solve this system for a = 2.
4.2. Solving systeme (S) for a = 2

2 _ 2 —
For a = 2, this system is definied by : {;C _ xc_alz + i Eg

(i) For € = 25m? + 52m + 27.

Lemma 4.1
Let C = 25m? 4+ 52m + 27. If mis even, then C = 3[4]

Theorem 4.3
If m is even, then the fondamentat solution of x? — Cy? = 4 is (uy,v;) = (50m + 52,10).

Proof

Proof of lemma 4.1

We get, C = 25m? + 52m + 27 = m? + 3[4].

If mis even, that is to say m = 2k, with k € N, then m? = 4k2.
So 4|m?, thus, C = 3[4].

Proof of theorem 4.3
According to lemma 4.1, if m is even, then, C = 3[4]. According to the theorem 2.3, and the second point of theorem 4.1,
(uqg,v1) = (50m + 52,10) is the fondamental of x2 — (25m? + 52m + 27)y? = 4.

Theorem 4.4
Let m be a positive integer and let C = 25m? + 52m + 27.

1) The consecutive solutions (x,,, Vpn, Z,) and (X, 41, Vn+1, Zns1) Satisfy the following system
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Uny1 = (25m + 26)u, + (125m? + 260m + 135)v,
Vpy1 = SU, + (25m + 26)v,
Zpyr = (25m + 26)u, + (125m? + 260m + 135)v,, + 2 + 4

2) The solutions (x,, y,, z,) satisfy the following reccurence relation
Up = (50m + 51) (Up_y + Up_3) —Upn_3
Uy = (5m 4+ 51) (V-1 + Vn2) — Vn-3
Zn = (50m + 51)[271—1 +2zp2—2X (2 + 4)] - [Zn—3 —2X (2 + 4’)]

Proof
According to the corollary 2.1, we get:

e N

tn = 2 n = 2

_ Ujup+Dvivp
NUn+1 =— 5 —
_ VqUptuqlp
vn+1 - 2
__ (50m+52)un+(25m2+52m+27)x10xvy
un+1 - 2
_ 10up+(50m+52)v,
Uny1 = 2

Let:

Upy1 = (25m + 26)u, + (125m? + 260m + 135)v,

From where, for n > 1, we have: {
W n wehav Vptq = Su, + (25m + 26)v,

For the third equation: z,,; = u,4; +2 £ 4.
Soforn > 1, z,., = (25m + 26)u, + (125m? + 260m + 135)v, + 2 + 4.
For the second point, we prove in a way analogous to the fifth point of theorem 4.1.

(i) For € = 9m? + 19m + 10
Lemma 4.2
Let C = 9m? 4+ 19m + 10. If m = 4k or m = 4k + 1, with k € N, then C = 2[4].

Theorem 4.5
If m = 4k or m = 4k + 1, then, the fondamental solution of x2 — Cy? = 4 is (uy,v;) = (36m + 38,12)

Theorem 4.6
Let m be a positive integer and let C = 9m? + 19m + 10.

1) The consecutive solutions (x,,, Y, Z,) and (X, 41, Yn+1, Zn+1) Satisfy the following system
Upyr = (18m + 19)u, + (54m? + 114m + 60)v,
Vpyq = 6U, + (18m + 19)v,
Zpyr = (18m + 19)u,, + (54m? + 114m + 60)v, + 2 + 4

2) The solutions (x,, y,,, z,) satisfy the following reccurence relation
xp = (36m +37)(Up_1 + Up_2) —Un_3
Yo = (B36m +37)(Vp_q + Vp_3) — Vn_3
z, = @B6m+37) [z 1+ 2 —2%X 21 4)] —[2,.3 —2%x (2% 4)]

5. Conclusion

In this paper, we presented the resolution of the transcendantal equation Jx ++/Cy ¥ |x —+/Cy thanks for the solutions of the

Pell equation, using of concept the continued fraction for two particular values of C. Our work is an extension of that which is
already done in the literature. In future work, we will consider studying this same equation in the general case.
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