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Abstract 

The study used the advection – diffusion equation to simulate the concentration of 

crude oil spilled on surface water as it disperses in the oil rich Niger Delta area of 

Nigeria. An assumed amount of crude oil spilled was considered which is the Idoho 

oil spill of 1998 of about 40,000 barrels (5440000 kg). Also varying values of 

distances, time, diffusion coefficient and the speed of the river were considered which 

is peculiar to the Niger Delta environment. The effect of distance, time, diffusion 

coefficient and the speed of the flowing were also discussed. These parameters have 

distinct effect on the concentration of oil spilled as it disperses. For a given diffusion 

coefficient and at a given distance, the concentration of the spill increases with time 

up to a certain maximum value and then begins to decrease very slowly. Also, on the 

effect of speed at a given diffusion coefficient and at a given distance, the 

concentration of the spill increases swiftly and then decreases with time.
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1. Introduction 

The frequent transportation of crude in the Niger Delta area of Nigeria has been a concern for so many years. This is because of 

the problem that arise as a result of the dispersion of oil. During this process of movement of crude, oil spill is inevitable. 

Thousands of barrels of oil have been spilled into the environment through oil pipelines and tanks in the country [2]. This spillage 

may be as a result of accidental spill from tankers, routine oil tanker operations such as emptying tanks and lack of regular 

maintenance of the pipelines and storage tanks [1]. Some of these facilities have been in use for decades without replacement. 

The people around the coast have had experiences of an aquatic polluted environment that refuses to dry up after years of spill. 

 
Table 1: Major spill and quantity of oil spilled, [2, 3] 

 

Spills Quantity in barrels 

GOCON’s Escravos spill in 1978 300,000 

SPDC’s Forcados Terminal tank failure in 1978 580,000 

Texaco Funiwa-5 blow out in 1980 400,000 

Abudu pipe line in 1982 18,818 

The Idoho Oil Spill of January 1998, 40,000 

SPDC Bonga spill in 2011, 40,000 

 

According to the Department of Petroleum Resources (DPR), between 1976 and 1996 a total of 4647 incidents resulted in the 

spill of approximately 2,369,470 barrels of oil into the environment [2]. Of this quantity, an estimated 1,820,410.5 barrels (77%) 

were lost to the environment. A total of 549,060 barrels of oil representing 23.17% of the total oil spilt into the environment was 

recovered. The heaviest recorded spill so far occurred in 1979 and 1980 with a net volume of 694,117.13 barrels and 600,511.02 

barrels respectively [2]. 
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Available records for the period of 1976 to 1996 indicate that 

approximately 6%, 25%, and 69% respectively, of total oil 

spilled in the Niger Delta area, were in land, swamp and 

offshore environments. Also, between 1997 and 2001, 

Nigeria recorded a total number of 2,097 oil spill incidents. 

About 40,000 barrels of oil spilled into the environment 

through the offshore pipeline in Idoho [2]. 

Spill modeling has a long history [4]. Since 1960s, numerous 

oil spill models have been developed to simulate weathering 

processes and forecast the fate of oil spilled, in terms of 

providing valuable support to both contingency planners and 

pollution response teams [5, 6, 7]. These models, developed by 

various organizations, companies, and researchers, vary in 

complexity, applicability to location, and ease of use [8]. 

The advection – diffusion model is employed to effectively 

monitor and predict the time it would take certain quantity of 

crude oil dispersed to reach a particular. This will enhance 

oils remediation measure to be put in place. 

 

2. Materials and Methods 

Advection- Diffusion Equation 

The main processes involved in the transport of oil on the 

water surface are advection and turbulent diffusion. 

Advection is mainly due to the wind, surface current and 

waves [9]. 

Let χ be the concentration of some effluent as a function of 

space and time. Using χ to denote effluent concentration is 

well established in metrological practice. Then χ is 

determined by the time-dependent diffusion equation which 

is: 

 

𝑘∇2χ =
dχ

dt
  (1) 

 

Or 

 
𝑘𝑑2χ

𝑑𝑟2 =
𝑑χ

𝑑𝑡
 (2) 

 

Or 

 
𝑑2χ

𝑑𝑟2 =
1

𝑘

𝑑χ

𝑑𝑡
  (3) 

 

Where t = time in s 

r = distance from the origin in km 

χ = concentration of effluent in kg/m3 

k = diffusion coefficient in m2/s 

 

Fermi Age Equation 

Equation (1) is identical to the Fermi age equation showing 

the slowing down of pollutants [10]. In solving Fermi age 

equation two conditions were considered: planar source in an 

infinite slab & planar source in an infinite medium. 

 

Planar source in an infinite slab 

Think of an infinite slab with a moderate or extrapolated 

thickness that is (energy-independent) and has an active 

planar source at its center that emits S pollutants per m2/sec 

energy. [11] 

 

𝑞(𝑥, 𝜏) =
2𝑆

𝑎
∑ 𝑒−𝐵𝑛

2𝜏𝑐𝑜𝑠𝐵𝑛𝑥𝑛 𝑜𝑑𝑑   (4)  

 

Equation 4 is a complete solution to the problem where q(x,τ) 

satisfies the age equation, the source condition, and the 

boundary condition at the free surface [11]. 

 

Planar Source in an infinite medium.  

Using the planar source in an infinite medium solution to 

derive the advection - diffusion equation since it is a flowing 

river. The slowing density can be a function of only spatial 

variable and the equation is: [11]. 

 
𝑑2𝑞(𝑥,𝜏)

𝑑𝑥2  =
𝑑𝑞(𝑥,𝜏)

𝑑𝜏
  (5) 

 

Where x is measured from the center of the slab. 

Using the equations 

 
𝑑2𝜒(𝑟,𝑡)

𝑑𝑟2 =
1

𝑘

𝑑𝜒

𝑑𝑡
 Where ꭓ is replaced with ꭓ(x,r)  (3) 

𝜒(𝑟, 𝑡) = ∫ 𝐹(𝐵, 𝑡)𝑐𝑜𝑠𝐵𝑟𝑑𝐵
∞

−∞
  (6) 

 

Where 𝐹(𝐵, 𝑡) is a function to be determined. When equ. (6) 

Is substituted into the differential equation (3), there is 

obtained [11]. 

 

− ∫ 𝐵2𝐹(𝐵, 𝑡) cos 𝐵𝑟𝑑𝐵 =
∞

−∞

1

𝑘
∫

𝜕𝐹(𝐵,𝑡)

𝜕𝑡
𝑐𝑜𝑠𝐵𝑟𝑑𝐵

∞

−∞
  (7) 

 

It follows that 𝐹(𝐵, 𝑡) must be given by the equation 

 
𝜕𝐹(𝐵,𝑡)

𝜕𝑡
= −

1

𝑘
𝐵2𝐹(𝐵, 𝑡)  (8) 

 

Where the general solution is 

 

𝐹(𝐵, 𝑡) = 𝐺(𝐵)𝑒−𝐵2𝑡  (9) 

 

Where G (B) is a function of B. Equation (8) is a partial 

differential equation whose integral involves an arbitrary 

function instead of an arbitrary constant, as with an ordinary 

differential equation. Next, inserting equation (9) in equation 

(6) gives 

 

𝜒(𝑟, 𝑡) =
1

𝑘
∫ 𝐺(𝐵)𝑒−𝐵2𝑡 cos 𝐵𝑟 𝑑𝐵

∞

−∞
  (10) 

 

The function G(B) can be found from the source condition by 

placing 𝑡 = 0 in equ. (10) thus, 

 

𝑄𝛿(𝑟) =
1

𝐾
∫ 𝐺(𝐵) cos 𝐵𝑟 𝑑𝐵

∞

−∞
  (11) 

 

Where Q = amount of oil spilled 

The delta function can be written in the form: 

 

𝛿(𝑟) =
1

2𝜋
∫ cos 𝐵𝑟𝑑𝐵

∞

−∞
  (12) 

 

By comparing equation (11) and equation (12) it is evident 

that 𝐺(𝐵) = 𝑄/√2𝜋, so that 

 

𝜒(𝑟,𝑡) =
𝑄

2𝑘𝜋
∫ 𝑒−𝐵2𝑡𝑐𝑜𝑠𝐵𝑟𝑑𝐵

∞

−∞
  (13) 

 

Evaluating equation (13) we have 

 

𝝌(𝒓,𝒕) =
𝑸

(𝟒𝝅𝒌𝒕)
𝟑

𝟐⁄
𝒆−𝒓𝟐/𝟒𝒌𝒕  (14) 
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Equation (14) is, thus, the model equation for the 

concentration of oil spill on surface water. The equation 

shows the concentration of spill as a function of distance and 

time. 

 

Where Q = mass of oil injected (kg) 

k = diffusion coefficient of varying values ranging 

from 1.0m2/s – 2.0m2/s  

r = distance from source (km)  

t = time of dispersion (s) 

χ(r,t) = concentration of effluent (kgm-3) 

 

Putting into consideration the quantity of oil spilled at the 

Idoho oil spill of January 1988 in Akwa Ibom state of Nigeria. 

The amount of oil spilled was about 40,000 barrels [2]. 

 

1 barrel = 136kg [12] 

40,000 barrels = 136kg x 40,000  

Q = 5440000kg  

 

Effect of speed on concentration 

The derivation of equation (14) is based on the assumption 

that the water is isotropic (invariant with respect to direction). 

Recall 

 

 χ(r, t) =  
Q

(4πkt)
3

2⁄
e−r2/4kt  (15) 

 

Where k is the diffusion coefficient  

The water however from a flowing river is not usually 

stationary, there is normally a wind blowing. If this has 

average speed v and r coincides with the average direction of 

the wind, then equation. (15) can be generalized to include 

the wind by replacing r with r –vt. 

 

The concentration then becomes  

 

 χ(r, t) =  
Q

(4πkt)
3

2⁄
e−

(r−vt)2

4kt   (16) 

 

Where Q = mass of oil injected (kg) 

k = diffusion coefficient (m2/s) 

r = distance from source (km) 

t = time of dispersion (s) 

v = average speed of water (m/s) 

χ(r,t) = concentration of effluent(kg/m3) 

 

3. Results and Discussions 

An assumed amount of spill Q which is the Idoho oil spill of 

about 40,000 barrels (5440000kg) was used, with varying 

values of diffusion coefficient k of 1.0m2/s, 1.6m2/s and 

2.0m2/s, values of time t ranging from 1hr (3600s) to 7days 

(604800s), value of distances r of 1km, 2km, 3Km, 4Km, 

5Km and 20Km and the speed of the flowing river s = 0.4m 

where all put into consideration. 

With the above parameters, the following data and graphs 

were obtained: 

 
Table 2: Variation of effluent concentration with time 

 

k=1m2/s, r=1km, 2Km, 3Km, 4Km, 5Km, 20Km 

t(s) χ(r,t)kg/m-3(r = 1km) χ(r,t)kg/m-3( r = 2km) χ(r,t)kg/m-3( r = 3km) χ(r,t)kg/m-3 (r=4km) χ(r,t)kg/m-3(r=5km) χ(r,t)kg/m-3 (r=20Km) 

3600 4.03E-31 1.34E-121 2.14E-272 0 0 0 

7200 1.71E-16 9.88E-62 3.95E-137 1.09E-242 0 0 

10800 9.91E-12 6.87E-42 3.73E-92 1.58E-162 5.27E-253 0 

14400 2.10E-09 5.04E-32 1.01E-69 1.68E-122 2.32E-190 0 

18000 4.84E-08 3.88E-26 2.69E-56 1.61E-98 8.31E-153 0 

36000 1.77E-05 1.59E-14 1.32E-29 1.02E-50 7.36E-78 0 

86400 0.000274167 4.66E-08 2.43E-14 3.88E-23 1.90E-34 0 

172800 0.000411897 5.37E-06 3.87E-09 1.55E-13 3.43E-19 8.23E-255 

345600 0.000300195 3.43E-05 9.21E-07 5.82E-09 8.66E-12 1.34E-129 

432000 0.000248239 4.37E-05 2.42E-06 4.22E-08 2.31E-10 1.30E-104 

604800 0.000176802 5.12E-05 6.48E-06 3.5866E-07 8.69E-09 4.16E-76 
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Fig 1: A graph of χ(r,t) kgm-3 against t(s) for k=1.0m2/s at r=1Km, 2Km, 3Km, 4Km,5Km, 20Km 
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Fig 2: A graph of χ(r,t) kgm-3 against t (s) for k=1.6m2/s at r=1Km, 2Km, 3Km, 4Km,5Km, 20Km 

 
Table 3: Variation of effluent concentration with time 

 

k=1.6m2/s, r=1km, 2Km, 3Km, 4Km, 5Km, 20Km 

t(s) χ(r,t)kg/m-3(r = 1km) χ(r,t)kg/m-3( r = 2km) χ(r,t)kg/m-3( r = 3km) χ(r,t)kg/m-3 (r=4km) χ(r,t)kg/m-3(r=5km) χ(r,t)kg/m-3 (r=20Km) 

3600 4.07E-20 1.15E-76 6.49E-171 7.335E-303 0 0 

7200 3.82E-11 2.03E-39 1.53E-86 1.62E-152 2.44E-237 0 

10800 2.88E-08 4.08E-27 1.56E-58 1.63E-102 4.60E-159 0 

14400 6.97E-07 5.08E-21 0.00E+00 0.00E+00 5.57E-120 0 

18000 4.37E-06 2.14E-17 0.00E+00 1.23E-62 1.45E-96 0 

36000 1.19E-04 2.62E-10 9.87E-20 6.30E-33 6.84E-50 0 

86400 0.000400935 1.77E-06 2.09E-10 6.64E-16 5.67E-23 0 

172800 0.00035013 2.32E-05 2.53E-07 4.51E-10 1.32E-13 7.195E-161 

345600 0.000194551 5.01E-05 5.23E-06 2.21E-07 3.77E-09 8.8194E-83 

432000 0.000152384 5.15E-05 8.44E-06 6.71E-07 2.59E-08 3.2215E-67 

604800 0.000102006 4.70E-05 1.29E-05 2.1165E-06 2.07E-07 1.7412E-49 

 
Table 4: Variation of effluent concentration with time 

 

k=2.0m2/s, r=1km, 2Km, 3Km, 4Km, 5Km, 20Km 

t(s) χ(r,t)kg/m-3(r = 1km) χ(r,t)kg/m-3( r = 2km) χ(r,t)kg/m-3( r = 3km) χ(r,t)kg/m-3 (r=4km) χ(r,t)kg/m-3(r=5km) χ(r,t)kg/m-3 (r=20Km) 

3600 1.71E-16 9.88E-62 3.95E-137 1.093E-242 0 0 

7200 2.10E-09 5.04E-32 1.01E-69 1.68E-122 2.323E-190 0 

10800 3.73E-07 3.10E-22 2.28E-47 1.49E-82 8.59E-128 0 

14400 4.37E-06 2.14E-17 0.00E+00 0.00E+00 1.45E-96 0 

18000 1.77E-05 1.59E-14 0.00E+00 1.02E-50 7.36E-78 0 

36000 2.02E-04 6.05E-09 1.74E-16 4.85E-27 1.30E-40 0 

86400 0.000411897 5.37E-06 3.87E-09 1.55E-13 3.43E-19 8.23E-255 

172800 0.000300195 3.43E-05 9.21E-07 5.82E-09 8.66E-12 1.342E-129 

345600 0.000152384 5.15E-05 8.44E-06 6.71E-07 2.59E-08 3.2215E-67 

432000 0.000117217 4.92E-05 1.16E-05 1.53E-06 1.13E-07 8.4935E-55 

604800 7.68602E-05 4.13E-05 1.47E-05 3.4618E-06 5.39E-07 1.1789E-40 
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Fig 3: A graph of χ(r,t) kgm-3 against t (s) for k=2.0m2/s at r=1Km, 2Km, 3Km, 4Km,5Km, 20K 
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Effect of speed on Concentration 

Using the average value of speed as 0.4m/s [7], the following 

data and graphs were obtained: 

 
Table 5: Variation of effluent concentration with time 

 

k=1.0m2/s, r=1km, 5Km, 20Km, v=0.4m/s 

t(s) χ(r,t)kg/m-3(r = 1km) χ(r,t)kg/m-3(r=5km) χ(r,t)kg/m-3( r = 20km) 

3600 8.44E-07 0 0 

7200 1.04E-54 3.46E-69 0 

10800 1.74E-112 2.52E-06 0 

14400 1.06E-172 3.21E-06 0 

18000 7.10E-234 3.33E-31 0 

36000 0 5.98E-269 4.84E-97 

86400 0 0 1.97E-269 

172800 0 0 0 

345600 0 0 0 

432000 0 0 0 

604800 0 0 0 

 

 
 

 
 

 
 

Fig 4: A graph of χ(r,t) kgm-3 against t (s) for k=1.0m2/s at r=1Km, 5Km, 20Km, v=0.4m/s 
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Table 6: Variation of effluent concentration with time 
 

k=1.6m2/s, r=1km, 5Km, 20Km, v=0.4m/s 

t(s) χ(r,t)kg/m-3(r = 1km) χ(r,t)kg/m-3(r=5km) χ(r,t)kg/m-3( r = 20km) 

3600 6.45E-05 3.69E-240 0 

7200 4.97E-35 4.45E-44 0 

10800 3.07E-71 6.88E-05 0 

14400 6.08E-109 6.82E-05 0 

18000 3.12E-147 1.46E-20 0 

36000 0 2.53E-169 7.02E-62 

86400 0 0 7.74E-170 

172800 0 0 0 

345600 0 0 0 

432000 0 0 0 

604800 0 0 0 
 

 
 

 
 

 
 

Fig 5: A graph of χ(r,t) kgm-3 against t (s) for k=1.6m2/s at r=1Km, 5Km, 20Km, v=0.4m/s 
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The data obtained from the calculation using the advection-

diffusion equation shows that oil when spilled, disperses with 

respect to distance, diffusion coefficient, speed and time. 

These results agree with earlier findings by Cheng et al., 2000 
[13]; Li, 2001; Ventikos et al., 2004 [14]; Liu and Writz, 2006 
[15]; Bandyopadhyay and Chattopadhyay, 2007 [16]; Tuzkaya 

and Gulsun, 2008 [17], where either Eulerian or Lagrangian 

approaches were used. In their studies, the wind and current 

effect on concentration of oil spilled when it’s been dispersed 

was considered 

From the results obtained, a known quantity of oil spilled 

(40,000 barrels) from the source was used to calculate the 

concentration of the oil spilled as it disperses along its 

trajectory considering the effect of distance, time, speed and 

diffusion coefficient. Based on these, the following was 

observed. 

 

Effect of Distance on Concentration 

At Figure 1 when d =1 km, the concentration of oil from the 

origin of the graph at that point (1 km) is 0 kg/m3. This is as 

a result of the spill not dispersed to that particular distance 

but as time goes on at that same distance 1km its 

concentration starts increasing up to 4.00E-04 kg/m3 and 

decreases as it disperses. This is because the river is a flowing 

river in which the spilled oil disperses from that point to 

another point. This trend is also applicable to figures 2 and 

figures 3 in which the concentration of oil from the origin of 

the graphs at the various distances are 0 kg/m3 followed by a 

slight increase and finally a decrease in concentration. In 

conclusion, increase in distance away from source of spill 

leads to slow increase in concentration of spill at various 

distances. 

 

Effect of Time on Concentration 
From Figures 1 to Figures 5 it can be seen that time has an 

effect on the concentration of the oil spilled as it disperses. 

Dispersion takes place with respect to time. It is observed that 

at a particular distance when d = 1 km (k=1 m2/s) the 

concentration starts increasing from 0 s, get to the peak and 

starts decreasing gradually. This trend is applicable to all the 

graphs. Also, the farther the distance from the source of spill 

the longer the time it takes for the increase in concentration. 

All these are as a result of the movement of the river which is 

not stationary. In conclusion increase in time leads to increase 

in concentration. 

 

Effect of diffusion coefficient on concentration 
The values of k ranging from 1.0 m2/s, 1.6m2/s and 2.0 m2/s 

were used in the advection – diffusion equation to study the 

concentration of spill as it disperses with the effect of 

diffusion coefficient. It is observed considering a particular 

distance where d = 1 km that at a lower diffusion coefficient 

e.g 1 m2/s, the concentration at 1hr is lower than at a higher 

diffusion coefficient e.g 1.6 m2/s at the same time. It is 

applicable to all the time ask increases. Also, it is observed 

that figures with distance r=1Km maintains a particular trend 

in which increase in diffusion coefficient leads to increase in 

concentration at a particular time and distance as can be seen 

from the graph. 

 

Effect of Speed of Water Current on Concentration 

The effect of speed causes an increase in the concentration 

from the initial time and swift decrease within a short period 

of time. From the graphs in Figure 4 and Figure 5, it is 

observed that there is sudden increase in concentration which 

decays to zero within a short period of time. In conclusion, 

the speed of the flowing river leads to a fast decrease in the 

concentration of spill. Which means the dispersion of spill is 

fast when the speed of the river is considered. 

 

Conclusion 

A model equation which represents the concentration of oil 

in terms of distance and time has been developed and 

simulated using the advection- diffusion equation. The data 

and results were obtained. 

From the results, it is observed that in all the graphs taking a 

particular distance with varying values of diffusion 

coefficient at a particular time, the concentration gets to its 

peak and decreases. This implies that increase in distance 

leads to decrease in concentration irrespective of diffusion 

coefficient. 

In conclusion, the results show how well the model equation 

represents the concentration of oil in water as it disperses 

with respect to distances and time. It will also stand as an 

evacuation guide in case of a spill considering the distance, 

time and speed of dispersion of oil. 
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