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Abstract

This research work investigates the vibration of moving set of coupled second order ordinary differential equations
distributed masses of cantilever shaped-orthotropic using the technique of Shadnam et al. [81 which are then
rectangular plate resting on constant elastic Pasternak simplified using modified asymptotic method of Struble. The
foundation. The governing equation is a fourth order partial closed form solution is analyzed, resonance conditions are
differential equation with variable and singular co-efficients. obtained and the results are presented in plotted curves for
The solutions to the problem are obtained by transforming the both cases of moving distributed mass and moving
fourth order partial differential equation for the problem to a distributed force.
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1. Introduction

A plate is a flat structural element for which the thickness is small compared with the surface dimensions or a plate is a structural
element which is thin and flat. By "thin", it means that the plate’s transverse dimension, or thickness, is small in comparison
with the length and width dimensions. That is, the plate thickness is small compared to the other dimensions. A mathematical
expression of this idea is:

LRS! 1.1

Where 'Ty, represents the plate’s thickness, and "L’ represents the length or width dimension.

The problems connected with the analysis of the dynamic interaction of thin bodies (rods, beams, plates, and shells) with other
bodies have widespread application in various fields of science and technology. There are some bridges that are cantilever in
nature. One of them shown below is the Quebec Bridge, the world’s largest cantilever road bridge which has a span length of
549m.
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Fig 1: The Quebec bridge: The World's Largest Cantilever Road Bridge

The physical phenomena involved in the impact include structural responses, contact effects, wave propagation as well as
vibration. These problems are topical ones just as from the viewpoint of fundamental research in applied mechanics, so also
with respect to their applications. Since these problems belong to the problems of dynamic contact interaction, their solution is
connected with severe mathematical and calculation difficulties. To overcome this impediment, a rich variety of approaches
and methods have been suggested, what is embodied in a great quantity of articles and reviews in -2,
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Very few works have reported on the impact response of anisotropic and composite plates subjected to an initial uniaxially
tensile preloading B, as well as biaxial preloading ®%, in so doing only rectangular plates are considered as the
targets.Analytical investigation of the low-velocity impact response of circular orthotropic and transversely isotropic plates
possessing curvilinear anisotropy under compressive preloding has been carried out recently by Rossikhin and Shitikova in 14,
Szekrenyes 14 investigated the interface fracture in orthotropic composite plates using second order shear deformation theory.
Kadari [*° analyzed buckling in orthotropic nanoscale plates resting on elastic foundations. Hu and Yao [ studied the vibration
solutions of rectangular orthotropic plates by symplectic geometry method. In the same vien, Alshaya, Hunt and Rowlands [*%]
investigated stresses and strains in thick perforated orthotropic plates. Gbadeyan and Dada [*®! found the natural frequency of
rectangular plates traversed by moving concentrated masses. Awodola [* studied the effect of plate parameters on the vibrations
under moving masses of elastically supported plate resting on bi-parametric foundation with stiffness variation. Awodola and
Adeoye ! investigated the behavior of simply supported orthotropic rectangular plate by applying the technique of variable
separable. Adeoye and Awodola 2 studied the dynamic behavior of orthotropic rectangular plate with clamped-clamped
boundary conditions by making use of the technique of Shadnam. Due to inability of researchers to solve orthotropic plates
problems by analytical methods, this work aims at solving the governing equation by analytical solution and also considers the
effect of the flexural rigidities in both x and y directions.

2. Governing Equation

The dynamic transverse displacement V (x, y,t) of orthotropic rectangular plates when it is resting on a bi-parametric elastic
foundation and traversed by distributed mass M,. moving with constant velocity c, along a straight line parallel to the x-axis
issuing from point y=s on the y-axis with flexural rigidities D, and D,, is governed by the fourth order partial differential equation
given as.

Dxa 4W(x y,t)+ 280 2oy 2W(x y,t) +Dy0 4W(x y,t) +,uat2W(x y,t) phR,
o WY, 8) + 50 W, 3, 0] + KW (x,, - Golos W, y,8) + (2.1)
W(x,y,0)] = Zioy [MygH(x — cOH(Y = 5) — My (55 W@yﬁ+2@——W@%w

ot2 dx ot
62
et W0y, O)HE — ¢ HY — )W (x,y,)] = 0

Where D, and D,, are the flexural rigidities of the plate along x and y axes respectively.

Exh® _ Eynd _ Goh®
12(1-vxvy) ' Y 12(1-vxvy)’

D, =

E, and E,, are the Young’s moduli along x and y axes respectively, G, is the rigidity modulus, v, and v,, are Poisson’s ratios for
the material such that E, v, = E,,v,, p is the mass density per unit volume of the plate, h is the plate thickness, t is the time, x
and y are the spatial coordinates in x and y directions respectively, R, is the rotatory inertia correction factor, K, is the foundation
constant and g is the acceleration due to gravity, H(.) is the Heaviside function.

Rewriting equation (2.1), one obtains.

atzw(x yvt) +ﬂw W(x y't) - thO[a zatz W(x Ytt) +6 zatz W(x y't)]
230 25,7 W (%, y,t) D W(x Y1) = Dy == W(x,y,t) — KgW (x,y,t) + pw;, (2.2)
W@%O+Qﬂ W@yiﬂ- W@ymﬂ+2 1 [MrgH(x — c,)H(y — 5)

_MT(FW(x'yl t) + Zcﬁw(x,y; t) + CT% ﬁw(x;y, t))H(x - CTt)H(y - S)

xa4 J/a4

W(x,y, )]

Which can be expressed further as

82 a*
5ﬂﬂ%%0+wﬂﬂx%0 R¢ﬂmﬂwx%ﬂ+amﬂW@yiﬂ u;ﬁ;
W@%O———wwxxﬂ———wwx%0+Mw~4W@%O+ 6ﬂ (2.3)
92 H(x —c,t
Wy, + 55 Wy, 0] +Z M(y ) ——(atz Wy,0) + 2

% 9%
ax 0t 9x ot W(x,y,t) + CT x2 W(x, VO)Hx — ) H(y — s)W (x,y, )]

Where w? is the natural frequencies? n = 1,2,3, ...
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The initial conditions, without any loss of generality, is taken as
W(x,y,t)=0= %W(x,y, t)

3. Analytical Approximate Solution

(2.4)

In order to solve equation (2.3), one applies technique of Shadnam et al. [8 which requires that the deflection of the plates be in

series form as
W(x,y,t) = Xn1 Pn(x,¥)Qn(t)
Where @, (x,y) = ®,;(x)®,;(y) and

Vn Vn
D, (x) = smL—x + Apcos— L Lx + Bmsmh Lx + Cmcosh—x
x X X

@,(y) = Sln y + AnJCOS y + Bn]SII’Ih—y + anCOShL—_’y
y

The right hand side of equation (2.3) written in the form of series takes the form

ZTL 1 Ro[a 2at2W(x y't)+a 20t2W(x ylt)] a 26 ZW(X y't)___W(x y't)
D

—70—4W(x vt +[w] ——]W(x 1) +2 [ W(x y,t) + W(x y, 0] +
N, D iy — ) - S W, y,r:)+2cra =W, y,t>+cr(,2

W(x,y, )H (x — Crt)H(y — W (x,y,0)] = Lnzy Pn(x,¥)0n()

(3.1)

3.2)

(3.3)

On multiplying both sides of equation (3.4) by ®.,,(x, y), integrating on area A of the plate and considering the orthogonality of

®,,(x,y), one obtains

an(t) =230 [, RoGrsms xzatZW(x Y+ 32 Wy, 6) - o za ZW(x .t -
4-

P ax4W(x ,t) — ——W(x y,t+ (o — —)W(x v, t) + W(x y, t)

F Wy, 0) + T [%H(x — G OH = 5) == (5

02
W(x' y' t) + CT’Z EW(-X! y' t))H(x - CTt)H(y - S)W(x! y, t)]q)m(xr y)dA

W(x,y, t) + ZCTa "

And zerowhenn = m
Where

A= [, ®3(x,y)dA
Making use of equation (3.4) and taking into account equation (3.1), equation (3.3) can be written as

9* q’q(x y)

D (x,¥) g (t) +
Dy 0% @, (x,)
Dy (3, J')Qq(t) S 0 (1Y)
Go (0 Dq(x.y)
Ax 2
&
u

(5, Y)[Gn (D) + 0FQn(D)] = Z2EX 52 | [ [Ry(

a2 Pq(x.y) 2B 02 tIlq(xy)

dy? m(x'y)Qq(t)) -

u 0x2%ay?
Qq(®) =2 20220 0, (4, 7)Q0 (6) + (03 — )0 (3, 1) @y (6, 7)Q (8) + 2

pu(5,) Qq(0) + T2 0, (x,)0, () + B, (LrLImEIHED ()

(W (6, )P (2, 1) 0, () + 26, 782 0 2 920q(xy) o

On further simplification of equation (3.6), one obtains

0*@q(x y)

Gul0) + 030u(D) =252, [, Ry 0, (,) Gy (6) + Z25 P 0, (1, )0, (1)

2B 8%2dq(x,y) Dy 0% g (x,y) D a @q(x,y)
) = axrayr Pm(%Y)Qq(8) = = P (x,y)Qq () — = m(x y)
q(XJ’)

Qa(®) + (@3 = 20y (1, 7)1, (1, 7) 0 (6) + 2 LD 1, (x,)Qy (1) + 2L
q)m(x y)Qq(t)) + Z?IY=1 (Mrg m(x y)H(x - Crt)H(y - S) - _(q)q(x:y)q)m(x:y)Qq(t)
04D ¢ (2,9)0q(0) + 2 T2V @ (2,9)Q (DH(x — ¢, DH(y — 5))]dA

+2¢,

D (3, ¥)Qq () + 2 =17 @ (3, ¥)Qq () H(x — ¢ t)H(y — 5))]dA

(3.4)

(3.5)

(3.6)

(3.7
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The system in equation (3.7) is a set of coupled ordinary differential equations
Using the Fourier series representation, the Heaviside functions take the form

H(x = t) =+ -3 SREREaD g <y < (3.8)
H(y—s)——+ Zrl% 0<y<1 (3.9)

On putting equations (3.8) and (3.9) into equation (3.7) and simplifying one obtains

G () + 02Qn(t) —122" 1 [RoToq(®) = 22 T1Qq () = 2T, () —”—ywq(t) +
(@2 = D)T, 04 (8) + 2T5Qq(8) = Ty 2 (T + 75 (T E*—WS(Z”D”Crf

2j+1
* sin(2j+1)me,t « cos(2k+1)ns * sin(2k+1)ms 1
Yjt E 2j+1 - )(Zk 1 B3 2k+1 —Zk= E 2k+1 )+E
% COS(2j+1)meyt s SIN(2j+1)mept « Cos(2k+1)ms
Qi Bs— 0~ Xi- 1E6T1r —(Zk 1B —
*sm(2k+1)ﬂ:s - « COS(2j+1)meyt 0 «
Yiee1 Bg——))Qq(t) + 2¢,t(T7 + Z(Z] L BT = N Bl (3.10)
sin(2j+1)meyt « Cos(2k+1)ms * sin(2k+1)ms 1 0 «
LR (S By et = By By ) + - (S By
sin(2k+1)ms ¥ COS(2]+1)T[C t E* sin(2j+1)meyt
e N0 (1) + ¢ (Ts + Z(Z, 1 By Tlr—Z, VEle
« Cos(2k+1)ms « Sin(2k+1)ms ¥ Cos(2]+1)nc
Y= Elo— 7 —Zk L B Ty + (B By —
_ * sin(2j+1)me,t 1 « cos(2k+1)11:s_ « Sin(2k+1)ms
Xj=1 E 2j+1 )+ (Zk 1 E23 2k+1 Lim1 Bz 2k+1 )
Qq(e)] = Z Z i ()P (s)

q=1 r=

Which is the transformed equation governing the problem of an orthotropic rectangular plate resting on bi-parametric elastic
foundation?

Where
9% 92
To=J, [0—2‘1) (V)P (x,y) + 55 g (6, Y) P (x, ) ]dA (3.11)
T = A axz [0x2 q(x'y)]q)m(x'y)dA (312)
TZ = A m [(Dq (x' y)]q)m(x; J’)dA (313)
64
Ts = [, 557 [Pq (6, )] P (x,y)dA (3.14)
Ty = [, q(x,y)Pp(x,y)dA (3.15)
9% 92
Ts = [, [ ®q(x,¥) + 372 Pa (6, V)] P (x,y)dA (3.16)
To = 15 s ®a(,Y) P, y)dA (317
Ef = [, ®,(x,y)Pn(x,y)sin(2j + rxdA (3.18)
E; = [, ®q(x,y)®Pm(x,y)cos(2j + 1)mxdA (3.19)
E; = [, ®q(x,y)Pp (x,)sin(2k + 1)wydA (3.20)
E; = [, ®q(x, )Py (x,y)cos(2k + 1)wydA (3.21)
Es = Ej, Es =E; E; =E3Eg =E; (3.22)
T, =~ A = D (X, ) Ppn (x, y)dA (3.23)
Es =], a((bq(x, Y P (x,y)sin(2j + 1)nxdA (3.24)
* 4 .
Efp = [, 5. (@4 (x,¥)) P (x, ¥)cos(2j + 1)mxdA (3.25)
* 4 .
Efy = [, 52 (@40, ¥)) P (x,¥)sin(2k + DmydA (3.26)
. 0
Efp = [, 5- @q(x, 7))@ (x, y)cos(2k + 1)mydA (3.27)
Efs = Eg, E14 = Efo, Eis = E11,E{¢ = Ef; (3.28)
Ty ==, axz (@q(%,)) P (x, y)dA (3.29)
Ef; =], m((bq(x, V)P (x, y)sin(2j + 1)mxdA (3.30)
* a? .
Eig = [, 57 (@4(x, )P (x, y)cos(2j + 1)mxdA (3.31)
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Efg = [, @q(x,y) P (x, y)sin(2k + 1)mydA (3.32)
X a2

E5y = fA pwe3 (@4(x,y)) P (x, y)cos(2k + 1)mydA (3.33)

E3y = Ef7,E3;, = Efg, B33 = Efo, E34 = Ejg (3-34)

®,,(x,y) is assumed to be the products of functions ®,,,,, (x)®;,,, (y) which are the beam functions in the directions of x and y
axes respectively. That is

D, (x,y) = Py (X) Py () (3.35)
Where
D) (X) = sindppx + Apm€0SAyyx + BypsinhAdy,, x + Cpycoshay,, x (3.36)

Dy (v) = sindy,, + Apmcostyyy + By sinhd,,, y + Cyncoshd,,y

Where A, Bpm, Coms Apms Bpm @and Cy,, are constants determined by the boundary conditions. And ®,,,,, and ®,,,,, are called
the mode frequencies

Where

E m m
Apm = 22 A = i”—y (3.37)

Considering a unit mass, equation (3.10) can be rewritten as

Gn(®) + 02Qn(8) = 3 Zi% [RoTo0q(6) = 22 T1Qq (6) = £ T,Qq (8) — D_yT3Qq(t)
+(wi - °T4)Qq(t)+ 2 T5Qq(8) — we(Ts + 2(211 *M

2j+1

* 51n(2]+1)1tct EX cos(2k+1)ms Er sin(2k+1)ms
Z] 1 2j+1 )(Zk 1 T_Zk 1 T)‘I'_(Z] 1E5
cos(2]+1)nct _ * sin(2j+1)mct 1 « cos(2k+1)ms _
i Xt E 21 —m ) T: (Zk 1 Er— 7 — Xk=1 Es
sin(2k+1)ms « Cos(2j+1)mct * sin(2j+1)mct
e N0 () + 2¢(T7 + Z(Z, 1 Es T_Z’ 1B

0 « Cos(2k+1)ms * sin(2k+1)ms « cos(2j+1)mct

YER= B — — — XL E T)*‘—(Z, B g~

EX sin(2j+1)mct « cos(2k+1)ms « sin(2k+1)ms
X E T) —(Zk 1 Els— R Ele— ) Qq (1)
+C2(Ts + 75 (B Biy e 2, 1 By O (B, i (3.38)
cos(2k+1)ms « Sin(2k+1)ms « cos(2j+1)mct «
T Zk 1E T) (Z; 1E T Z?1E22
sin(2j+1)mct 0 " cos(2k+1)ns « sin(2k+1)ms
) +E(Zk 1 Ezs = = Ykt Eza— 7 ))Qq(D)]

= it Sy P ()P (s)

Equation (3.38) is the fundamental equation of the problem. Where

= % 9 = LyL, (3.39)
®,,(ct) = sina,, (t) + A, cosa,, (t) + Bysinha,, (t) + C,cosha,, (t) (3.40)
®,,(s) = sin4d,, + A,,cosi,, + B,,sinh4,, + C,,coshi,, (3.41)
U = FleC,Am = %S (3.42)

3.1 Orthotropic Rectangular Plate Traversed by a Moving Force
In moving force, we account for only the load being transferred to the structure. In this case, the inertia effect is negligible.
Setting @ = 0 in the fundamental equation (3.38), one obtains.

Gn(0) + (1 = D00 (0) = 3 [1RoToGn () = 2BT1Qn(t) = DyT5Qn(t) =~ Dy T
Qn(t) - K0T4Qn(t) + GOTSQn (t) + Zzozl,qin (.UROTOQq (t) - ZBTqu (t) - DxTz Qq (t) (343)
_DyTS Qq (t) + (ﬂwé - K0T4-)Qq (t) + GOTSQq (t))] = %cbm((:t)q)m(s)

Which can further be simplified as

Qn(t) + Erlen(t) - y[#ROTOQn(t) - ZBTlQn(t) - DxTZQn(t) - DyT3Qn(t) - K0T4Qn(t)
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+GOT5Qn(t) + Z?:l,qin (ﬂROTOQq(t) - ZBTqu(t) - DxTZQq (t) - DyTSQq (t) + (Hwé
= KoTo)Qq(t) + GoTqu ()] = yMg P (ct) P (s)

Where 2 = (1 — )wn

Expanding and re- arranglng equation (3.44), one obtains.

[1—YuR,To]0n(t) + (§2 — ¥J6)Qn(t) — Y Xg=1,q%n (#RoToéq(t) — 2BT,Qq(¢) —
D,T, Qq(t) - DyTqu(t) + (/iwé - K0T4)Qq(t) + GoTqu(t)) =yMg®,,(ct)Pp(s)

Simplifying further, one obtains

. n ]
Gn() + =100, (6) + LT (uRoTo 0 (8) = 2BT, Qg (8) = DT

Qq() = DyT3Qq (D) + (uef = KoTy)Qq(6) + GoTsQq(8)) = i @y () Pr (5)

Where
1
v =gJs = =2BTy = D,T; = DyT3 = KoTy + GoTs

For any arbitrary ratioy, defined as

one obtains

L

1+

Y *2
=y +o(y)+..

Y
Y=
For onlyo(y™), one obtains

yY=v

On application of binomial expansion,

1

— * *2
R 14+ y*uRyTy + o(y™)+..

On putting equation (3.48) into equation (3.46), one obtains

Qn(®) + G2 =¥V Je)L + Y UReTo + 0(y ) +...)Qn (t) + ¥* (1 + ¥ URoTo + 0(¥*?)

+. --)Zcolo=1,q¢n (.UROTOQq(t) - ZBTqu (t) - DxTZQq(t) - DyT3Qq(t) + (.uwczl - K0T4)
Qq(t) + GoT5Qq(8)) =y aMg(1l + ¥ uRoTo + o(y ) +... )P (ct) P (5)

Retaining only o(y ™), equation (3.49) becomes

Qn () + [E2(1 + VY URTy) = ¥ J6]Qn(t) + V" Tor,qen (URToQq(t) — 2BT1Qq (1)
_DxTZQq(t) - DyT3Qq(t) + (lvlwé - K0T4)Qq (t) + GOTSQq(t)) = V*ng)m((:t)q)m(s)

Which is simplified further as

Qn(t) + Eg Qn (t) + )/* Z?:l,q::n (:uROToéq (t) - ZBTqu (t) - DxTZ Qq (t) - DyT3Qq (t)
(mwg — KoTy)Qq () + GoTsQq (£)) =y MgPm (ct) P (s)

Where
J7 = [§2(1 + ¥ 1RoTo) — ¥’ Js]
Using Struble’s technique, one obtains

En = En — ﬁ”)

Which is the modified frequency for moving force problem.
Using equation (3.53), the homogeneous part of equation (3.51) can be written as

www.allmultidisciplinaryjournal.com

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

269


www.allmultidisciplinaryjournal.com

International Journal of Multidisciplinary Research and Growth Evaluation

Qn(t) + 870 Qn() = 0
Hence, the entire equation (3.51) gives
On(t) + & Qn(t) = Y Mg®p (ct) Py (s)

On solving equation (3.55) one obtains

Qn(t) = 722 [(@2, + 2 (@nSiNEunt = EnnSIN@E) = ApEnn(@h + E20)

54—

(Cosamt - COannt) m(am gnn)(amsnlfnnt - fnnSinhamt) + Cmfnn(agn -

frzm) (COShamt - COann t)]

Which on inversion yields

o I Mgy ®m(s) .
W@y, t) = Epne1 Zim=1 5 qa 515 (@ En + 5nn)(amsmfnn — Eumsinant) — Ap

$nn 54

Enn (a2, —E2) (coshamt — cosfnnt)](sm fpm x + Apmcos fom x + Bpmsmh P x + Cpm

cosh 2= E”m Sqm "y + B msmhﬂy +C mcosh Sqm

x)(sm y +A qmC€0S~ — y)

Which is the transverse displacement response to a moving force.

3.2 Orthotropic Rectangular Plate Traversed by a Moving Mass

www.allmultidisciplinaryjournal.com

(3.54)

(3.55)

(3.56)

(3.57)

In moving mass problem, the moving load is assumed rigid, and the weight and as well as inertia forces are transferred to the
moving load. That is the inertia effect is not negligible. Thus @ # 0 and so it is required to solve the entire equation (3.38).To
solve the equation, one employs analytical approximate method. This method is known as an approximate analytical method of
Struble. The homogeneous part of equation (3.38) shall be replaced by a free system operator defined by the modified frequency

&an- Thus, the entire equation becomes.

A * * (2j+1D)mct *
On(0) + EnQn(D) + @0" iy [(Te + 55 (B B S - 52, E;
sin(2j+1)mct « Cos(2k+1)ms * sin(2k+1)ms
— g Qe BB — Zk 1Ei—

) +— (B B2

2j+1 2k+1 2k+1
cos(2j+1)mct « sin(2j+1)mct « cos(2k+1)ms 0 *
—_— Ec————— E; ———— E

21 Z] 1 2j+1 )+ (Zk 1 2kl —Yke1 Eg
sin(2k+1)ms * cos(2j+1)mct * sin(2j+1)mct
—_— t) + 2¢(T. —_—— —_—

TN 0g(0) + 20(T7 + 5 (B B3 O — B By O

« Cos(2k+1)ms * sin(2k+1)ms « cos(2j+1)mct
) k=1 Eiy 2k+1 Yjm E 2k+1 )+ (Zl =1 Ei3 2j+1

© sin(2j+1)mct % cos(2k+1)ns « sin(2k+1)ms
-Xin E )+—(Zk1E ot ke Ele—

147 i 2k+1 2k+1
0)Q(0) + 2 (Ty + 5 (S, By, SELUE gy sin@lninc
(B Bio ™ = B Bio %ﬁ—(& By S
— X Brp T 4 (B Br e = Bt En T

QO] = L3t 23 P ()P ()

Where ¢* =
On expanding equation (3.58), one obtains

E* cos(2j+1)mct

Qn(t) + 8200 () + " [(T6 + — (2 -2t E;

2j+1
sin(2j+1)mct « COS(2k+1)ms * sin(2k+1)ms
T )Xk=1 E3 3 k1 _Zk 1Ea— )+_(Z} 1 Es
cos(2j+1)mct * sin(2j+1)mct « COS(2k+1)mts
= — E; =2 E;
21 Xz E 2]+1 — 1 )t (Zk 1 k1 k=1 Eg
sin(2k+1)ms

2k+1 2j+1 2j+1

« Cos(2k+1)ms « Sin(2k+1)ms « Cos(2j+1)mct
)(ZklE—n Z]lE ;) (Z;1E#

2k+1 2k+1 2j+1
* sin(2j+1)mct % cos(2k+1)ns « Sin(2k+1)ms
2 E it Sk E 2

ZJ = E 2j+1 )+ (Z" 1 2k+1 — Zi=1 2k+1

))Qn(t) + 2(3(T7 2 (21 L E* cos(2j+1)mct _ Z] 1 * sin(2j+1)mct

(3.58)
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« Cos(2j+1)mct « Sin(2j +1)nct)
2j+1

))Qn(t)+C2(T8 (Z] 1E 2j+1 _21 1E
2j+1)mct

« cos(2k+1)ns_ « sSin(2k+1)ms 1 « cos(
k=1 Eiy 2k+1 Zk 1 E2o 2k+1 )+ (Zl 1 B2 2j+1

* sin(2j+1)mct E* cos(2k+1)11:s E* sin(2k+1)ms
Yjt E 2j+1 )+ (Zk 1 2k+1 L= 2k+1

E* cos(2j+1)mct

(O] + 0" Tiergen [(Te + 75 (T2 By CEE 3
sin(2j+1)nct * cos(2k+1)ms _ EX sin(2k+1)ms 1
Yre] ——) (k=1 E 3 ki1 k=1 E AT T ) 3 (Z; 1 Es

cos(2j+1)mct * sin(2j+1)nct E cos(2k+1)ns
RSO + o T e By
e R

sin(2k+1)ms « C0s(2j+1)mct « sin(2j+1)mct
SEEDEN) G (6) + 2¢(Ty + = (552 B T—Z, L Efg T

cos(2k+1)ms sin(2k+1)ms « Cos(2j+1)mct
Ep S52DM Ep, ST ppaan A Ui
)Zk=1 2k+1 21 1 2k+1 )+ (21 1 2j+1
* sin(2j+1)mct * cos(2k+1)7ts « sSin(2k+1)ms
2 AT il E o el L E s b oAl
ZJ 1 E 2j+1 )+ (Z" 1 2k+1 — Zk=1 2k+1
« €os(2j+1)mct Z * sm(2]+1)nct)
2j+1 j=1 E 2j+1

)Qq(8) + c*(Tg + 2(Z, 1 E

(Zk ) E* cos(2k+1)ms Zk ) E* sm(2k+1)n:s) (Z] . E* cos(2j+1)mct

2k+1 2k+1 2j+1
_ Z E* sm(2]+1)nct) 1 (Z E* Cos(2k+1)ns _ Z E* sin(2k+1)ms
j=1 2j+1 k=1 2k+1 k=1 2k+1

NQ (V)] = Mg(ﬂq’m(ct)q)m(S)

On rearranging and simplifying equation (3.59), one obtains

U+ @ (T + =5 (B, B EIE g0 | py SMEILINy (90 |

2j+1 2j+1
cos(2k+1)ms EX sin(2k+1)ms. * cos(2j +1)7rct
T IR BT (O B
2k+1 2k+1 j=1 E 2j+1
EX sin(2j+1)mct % cos(2k+1)11:s EX sin(2k+1)ms
Z} 1 T) _(Zk 1E Tﬂ_zk 1 T)
)0n() + 2c09" (T; + 75 (B, B3 I —ZJ ) Ejp IR
)(Zk L E* cos(zz::ll)ns_zj L E* 51n(22::11)ns) (Z] ) E* cos(zjii)nct
v « sin(2j+1)mct 1 « cos(2k+1)ns_ « sin(2k+1)ms
S50 Efa ) b (S Eis e — S Ele ™
. " « Cos(2j+1)mct « sin(2j+1)mct
N () + i + @ c?(Ts + Z(Z, LB — X Ele— )

2]+1 2j+1
« Cos(2k+1)ms « sin(2k+1)ms « cos(2j+1)mct
Qe Elo— 77— ZkIE g Dt (Z}lE i

2k+1 2k+1 2j+1
_ « sin(2j+1)mct % cos(2k+1)ns _ « Sin(2k+1)ms
Xit Bz 2j+1 )+ (Zk R Yim Bas 5
« Cos(2j+1)mct «
NQn(t) + @WP* Xgz1,g2n [(Te ) (X, By U e B

2j+1
sin(2j+1)mct EX cos(2k+1)ms E sin(2k+1)ms 1 *
— g Qi B — o Yk B — ) + QL Es

2j+1 2k+1 2k+1
cos(i;ii)nct _ Z] 1 EX sm(22]]-:11)nct) + _(Zk L E* cos(ZZI:-i—ll)ns _ Z’c?zl E§
) q () + 26(T; + 25 (B By I 3 |y, et
)Xk=1 Efy %_21 1B, %)‘F_(Z] 1 i %ﬁ)m
e Y
N0q(8) + c2(Ty + = (B2 Eiy 7“’5(21?”“—2, B 751“(22’;?”“)

(Zk . E* cos(2k+1)n’s_2k . E* sm(2k+1)ns) (Z] . E* cos(2j+1)mct

2k+1 2k+1 2j+1

* sin(2j+1)mct % cos(2k+1)ns « sin(2k+1)ms

— Sl b E bt Sk E 2
S5 B3 ) + - (S D o

)Qq ()] = Mgwcbm(cf)‘bm(S)

On further simplifications and re-arrangement, one obtains
5 « « C0s(2j+1)mct « sin(2j+1)mct
Qn(t) + 2cwo™(T; + ) (2] 1Eg——— Z; 1 Efo— )Xk Bl

2]+1 2j+1
« cos(2j+1)mct 0 %
— 2k=1 Ef2 )+_(Z] 1 Efs———— X% Ef

2j+1

cos(2k+1)mct
2k+1

« Sin(2k+1)mct
2k+1
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(3.60)
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sin(2j+1)nct « COos(2k+1)mct « Sin(2k+1)mct

T R e g L
* « cos(2j+1)mct . sin(2j+1)mct
(S(nn(l —wp" (T + =y (Z] 1 E; M_Z] L E; sin(2j )nc)
* cos(2k+1)r£ct

2j+1 2j+1
Q=1 B3 —, 77—~ 2km E )+—(Z, 1 E

* sin(2k+1)mct * cos(2]+1)11:ct
2k+1 2j+1
* sm(2}+1)nct « Cos(2k+1)mct
+ Ey 2RO E;
Z} 1 2j+1 ) (Zk 1 2k+1 Zk 1

¥ sm(2k+1)rrct)))) +
« Cos(2j+1)mct * sin(2j+1)mct
c*wo* (T + 2(21 1 Eq 7‘21 1 Elg———)(Xk=1 Efo

2k+1
2j+1 2j+1
cos(2k+1)mct « Sin(2k+1)mct « cos(2j+1)mct © %
———— =Y E5 7)"'_(2] 1 B3 ——— X521 E3

2k+1 2k+1 2j+1
sin(2j+1)mct « Cos(2k+1)mct « sin(2k+1)mct
— g ) T Qs B — o = Xko Eaa— 7 ))0a(O)

2j+1 2k+1 2k+1
« COS(2j+1)mct « sin(2j+1)mct
Q" Yge1,g2n [(Te + 2(21 1 Eq '—2]“ -2t E; 21 ——) (k=1 E3
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(3.61)

Applying modified asymptotic method of Struble, equation (3.61) can be rewritten as for homogeneous case

Qn(t) +970n(t) = 0

Hence, the entire equation becomes

Qn(t) + ﬁ%Qn(t) = Mg @, (ct)Pp(s)

Where
1 « « Cos(2k+1)ms E sin(2k+1)ms
U = $nn — Z—(frzmmp (Ts + (Zk 1B — o Xk By )
2 « " cos(2k+1)nct _ « Sin(2k+1)mct
c‘we"(Tg + (Zk 1 Ezs— 5 = Xi=1 Eaa— 7))

Which is the modified frequency representing the frequency of the free system.
Taking into account equation (3.64), equation (3.61) can be rewritten as

0n(t) + 0920, (t) = Mged,,(s)[sina, (t) + A,cosant + Bysinha,,t + C,,cosha,,t]

Solving equation (3.65), one obtains

Mgopd . .
Q.(t) = #ﬂ% [(a?, + 92) (apsind,t — 9, sinay,t) — A9, (a2, + 92)(cosa,t
—c0sIpt) — By (@2, — 92)(apsind,t — Ipsinha,,t) + Cp9, (a2, — 92)(cosha,,t

—cost,t)]

Which on inversion yields

[ee) [oe] M q)m . .
WY, ) = et Zimet o s L@ + 9 @SNt = Gasinayt) — Anbh(ac
+92)(cosa,,t — cosd,t) — B, (a?, — 92)(a,,sind,,t — 9 sinhamt) + CpI9p (a2, —92)

(cosha,,t — cosV t)](smfp—mx +A mcosf x+B msmh—x + Cpmeosh = fpm x)

Which is the transverse displacement response to a moving mass of a rectangular plate.

(3.62)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)
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4. llustrative Examples

4.1 Orthotropic Rectangular Plate with Cantilever End Conditions

For an orthotropic rectangular plate with free right hand and clamped left hand ends is considered. The boundary conditions are
given by

W(0,y,t) = 0 = WlexD TWOYD _ o _ W Cayt) @.1)
W(x,0,t) =0 = "’W(;"yLy“ "’ZV(';(Z’;"'“ =0= 63”’3%";” 4.2)
Thus, for the normal modes

Eom(0) = 0 = Zpm@ Zom® _ o _ Fopmlt) _ 4.3)
fqm(0)=0=af‘g—’§(wz%";(”=0=a3%"f”=0 (4.4)

For simplicity, our initial conditions are of the form

S (4.5)

Using the boundary conditions in equations (4.1) to (4.4) and the initial conditions given by equation (4.5), it can be shown that

sinéym—sinhé cosépym—coshé
Apm = P PM — —ZPm P (4.6)
p cosépm—cosh&pm  sinh&pm+sinépm

sinégmym—sinh¢, coségm—cosh¢,
Ay = —gmbam o 25am - 2 b am 4.7
cos§gm—coshégm sinh§gm+sinégm

In the same vein, we have

_ sin&p—sinhéy, _ cosép—coshéy,
Am - cosé&y—coshéy - sinh&y, +sinéy, (48)
Bym = —1,Bym = =1, By = —1 (4.9)
Com = —Apm, Cqm = —Agm, = Cpp = —Ap, (4.10)

And from equation (4.8), one obtains

cosécoshé,, = -1 (4.11)
Which is termed the frequency equation for the dynamical problem, such that

& = 1.875,&, = 4.694,&; = 7.855 (4.12)

On using equations (4.8), (4.9), (4.10) and (4.12) in equations (3.57) and (3.66), one obtains the displacement response to a
moving force and a moving mass of cantilever orthotropic rectangular plate resting on bi-parametric condition respectively.

5. Discussion of the Analytical Solutions

For this undammed system, it is desirable to examine the phenomenon of resonance. From equation (3.57), it is explicitly shown
that the cantilever orthotropic rectangular plate resting on constant elastic foundation and traverse by moving distributed force
with uniform speed reaches a state of resonance whenever

W, =T, (5.1)

while equation (3.66) shows that the same cantilever orthotropic rectangular plate resting on constant elastic foundation and
traverse by moving distributed force with uniform speed reaches a state of resonance when

@, = O, (5.2)
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Where
1 1 0 « COS(2k+1)ms ©
Up =Ty — E(dm(Ps + - Qkm FF— 17— — Xi=
1 0 « cos(2k+1)mct 0
—c?¢pn(Pg + - k=1 F23 ok k=1 F3a

Comparing equations (5.1) and (5.2), one obtains

1 1 oo
Op :Tn[l_ﬁ(‘PTI(Ps +E(Zk=1 Fr—

1 o . (2k+1)mct o
_C2¢77(P8 + E(Zk:l F33 % — Yke1 Fo4

6. Graphs of the Numerical Solutions

« cos(2k+1)ms

« sin(2k+1)mct
2k+1

- Z}?=1

« sin(2k+1)mct

www.allmultidisciplinaryjournal.com

(5.3)

(5.4)

To illustrate the analysis presented in this work, orthotropic rectangular plate is taken to be of length L, = 0.923m, breadth
L, = 0.432m the load velocity c=0.8123 m/s and s = 0.4m.The results are presented on the various graphs below for the simply

supported boundary conditions.

6.1 Graphs for Cantilever End Conditions

Figures 6.1 and 6.2 display the effect of foundation modulus (K,) on the deflection profile of cantilever orthotropic rectangular
plate under the action of load moving at constant velocity in both cases of moving distributed forces and moving distributed
masses respectively. The graphs show that the response amplitude decreases as the value of foundation modulus (K, ) increases.
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Fig 1: Displacement Profile of Cantilever Orthotropic Rectangular Plate with Varying K, and Traversed by Moving Force
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Fig 2: Displacement Profile of Cantilever Orthotropic Rectangular Plate with Varying K, and Traversed by Moving Mass

Figures 6.3 and 6.4 display the effect of shear modulus (G,) on the deflection profile of cantilever orthotropic rectangular plate
under the action of load moving at constant velocity in both cases of moving distributed forces and moving distributed masses

respectively. The graphs show that the response amplitude decreases as the value of shear modulus (G,) increases.
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Fig 4: Displacement Profile of Cantilever Orthotropic Rectangular Plate with Varying G, and Traversed by Moving Mass

Figures 6.5 and 6.6 display the effect of flexural rigidity of the plate along x-axis (D,) on the deflection profile of cantilever
orthotropic rectangular plate under the action of load moving at constant velocity in both cases of moving distributed forces and
moving distributed masses respectively. The graphs show that the response amplitude decreases as the value of flexural rigidity

(D,) increases.
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Fig 4: Displacement Profile of Cantilever Orthotropic Rectangular Plate with Varying D, and Traversed by Moving Force
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Fig 5: Displacement Profile of Cantilever Orthotropic Rectangular Plate with Varying D,, and Traversed by Moving Mass

Figures 6.7 and 6.8 display the effect of flexural rigidity of the plate along y-axis (D,) on the deflection profile of cantilever
orthotropic rectangular plate under the action of load moving at constant velocity in both cases of moving distributed forces and
moving distributed masses respectively. The graphs show that the response amplitude decreases as the value of flexural rigidity
(Dy) increases.
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Fig 6: Displacement Profile of Cantilever Orthotropic Rectangular Plate with Varying D,, and Traversed by Moving Force
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Fig 7: Displacement Profile of Cantilever Orthotropic Rectangular Plate with Varying D,, and Traversed by Moving Mass
Figures 6.9 and 6.10 display the effect of rotatory inertia (R,) on the deflection profile of cantilever orthotropic rectangular plate

under the action of load moving at constant velocity in both cases of moving distributed forces and moving distributed masses
respectively. The graphs show that the response amplitude decreases as the R, increases.
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Fig 8: Displacement Profile of Cantilever Orthotropic Rectangular Plate with Varying R, and Traversed by Moving Force
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Fig 9: Displacement Profile of Cantilever Orthotropic Rectangular Plate with Varying R, and Traversed by Moving Mass

Figure 6.11 displays the comparison between moving force and moving mass for fixed values of R,, G,, K, D, and Dy.
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Fig 10: Displacement Profile of Comparison between Moving Force and Moving Mass

7. Conclusion

In this work, the problem concerning of vibration of moving distributed masses of cantilever shaped-orthotropic rectangular
plates resting on constant elastic Pasternak foundation has been studied. The closed form solutions of the fourth order partial
differential equations with variable and singular coefficients governing the orthotropic rectangular plates is obtained for both
cases of moving force and moving mass using a solution technique that is based on the separation of variables which was used
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to remove the singularity in the governing fourth order partial differential equation which reduces it to a sequence of coupled
second order differential equations. The modified asymptotic technique of Struble and Laplace transformation techniques are
then employed to obtain the analytical solution to the two-dimensional dynamical problem.

The solutions are then analyzed. The analyzed results show that, for the same natural frequency and the critical speed for the
moving mass problem is smaller than that of the moving force problem. Resonance is attained earlier in the moving mass system
than in the moving force problem. That is to say the moving force solution is not an upper bound for the accurate solution of the
moving mass problem.

The results in plotted curves depict that as the rotatory inertia correction factor R, increases, the amplitudes of plates decrease
for both cases of moving force and moving mass problems. The flexural rigidities along both the x-axis D, and y-axis D,,
increase, the amplitudes of plates decrease for both cases of moving force and moving mass problems. As the shear modulus G,
and foundation modulus K, increase, the amplitudes of plates decrease for both cases of moving force and moving mass
problems.

It is shown further from the results that for fixed values of rotatory inertia correction factor, flexural rigidities along both x-axis
and y-axis, shear modulus and foundation modulus, the amplitude for the moving mass problem is greater than that of the moving
force problem which is an evidence that resonance is reached earlier in moving mass problem than in moving force problem of
cantilever-shaped orthotropic rectangular plates resting on constant elastic Pasternak foundation.
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