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1. Introduction 

Suppose (𝑋, 𝑑) is a metric space and 𝑓: 𝑋 →  𝑋 then we say that 𝑓 is contraction correspondingly non-expansive mapping if 

there exists a non- negative real number 𝑘 ≤  1 then the inequality 𝑑 (𝑓𝑥, 𝑓𝑦)  ≤  𝑘 𝑑(𝑥, 𝑦) which satisfy for any 𝑥, 𝑦 𝜖 𝑋 by 

Banach contraction principle 𝑋 is a complete space and 𝑓 has a unique fixed point in 𝑋. Non-expansive mapping has a Lipschitz 

constant equal to one. 

In complete metric space, non-expansive mapping has more than one fixed point or may not have any fixed point. 

 

Definition 1.1: For a function 𝑓(𝑥), a fixed point is a value of 𝑥 such that 𝑓(𝑥) = 𝑥. 

Example: Consider the function 𝑓(𝑥)  =  𝑠𝑖𝑛(𝑥). At 𝑥 =  0, 𝑓(0)  =  𝑠𝑖𝑛(0)  =  0 

Since 𝑓(0)  =  0 , it satisfies the condition𝑓(𝑥)  =  𝑥. Hence, 0 is a fixed point of the function. 

However, not all functions have fixed points. For instance, consider 𝑓(𝑥)  =  𝑥 + 1. The addition of 1 ensures that no value of 

𝑥 satisfies𝑓(𝑥) = 𝑥. 

Alternatively, we can think of 𝑓(𝑥) as representing 𝑦. Fixed points are the values of 𝑥 where, 𝑥 = 𝑦. 
 

Definition 1.2: Let (𝑋, 𝑑) be a metric space. A mapping 𝑇: 𝑋 → 𝑋 is said to be an expansive mapping (or expansion) if, for all 

𝑥, 𝑦 𝜖 𝑋 the following condition is satisfied: 𝑑(𝑇(𝑥), 𝑇(𝑦))  ≥  𝑑(𝑥, 𝑦) 

 

Definition 1.3: [5] A contraction mapping (also referred to as a contraction or contractor) on a metric space (𝑋, 𝑑) is a function 

𝑓: 𝑋 → 𝑋 that satisfies the following property: 

There exists a real number 0 ≤  𝑘 <  1 such that, for all 𝑥, 𝑦 𝜖 𝑋 

 

𝑑(𝑓(𝑥), 𝑓(𝑦))  ≤  𝑘 𝑑(𝑥 , 𝑦) 

 

The smallest value of 𝑘 satisfying this condition is known as the Lipschitz constant of 𝑓 Contractive mappings are sometimes 

referred to as Lipschitzian maps.
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If the above inequality holds for 𝑘 ≤ 1 instead, the mapping is called a non-expansive map. 

 

Definition 1.4: In a metric space 𝑿 let f and g be two self-mapping then f and g are said to be compatible if the condition satisfy 

lim
𝑛→∞

𝑑(𝑓𝑔𝑥𝑛 , 𝑔𝑓𝑥𝑛 ) = 0, where {𝑥𝑛} is a sequence such that  

 

lim
𝑛→∞

𝑓 𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 =  t ∈  𝐗. 

 

Let 𝑇 and 𝑓 be self-mappings on a metric space (𝑿, 𝑑) such that 𝑔(𝑿)  ⊂  𝑓(𝑿). Then, for any 𝑥0 ∈  𝑿 , we take a point 𝑥1 ∈  𝑿 

such that 𝑓𝑥1  =  𝑔𝑥0. Carry on with this process, suppose a sequence {𝑥𝑘} in 𝑿 such that 𝑓𝑥𝑘+1  =  𝑔𝑥𝑘 , 𝑘 =  0, 1, 2, and the 

sequence {𝑓𝑥𝑛} is know as 𝑔 − 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 with initial point 𝑥0.  

 

Definition 1.5: Suppose 𝑔 𝑎𝑛𝑑 𝑓 be self-mappings on a metric space (𝑿, 𝑑) such that 𝑔(𝑿)  ⊂  𝑓(𝑿). Then the mapping 𝑔 is 

said to be asymptotically 𝑓 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 at point 𝑥0  ∈  𝑿, if  

 

lim
𝑛→∞

d(f𝑥𝑛, f𝑥𝑛+1) =  0, 

 

where {𝑓𝑥𝑛} is a 𝑔 − 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 with initial point 𝑥0. 
 

 

2. Main Result 

In this section, by the help of non - expansive type condition we have proved important result of fixed point theory for a single 

valued mapping in the context of asymptotically regular mapping. 

 

2.1 Fixed Point Theorem For A Single Valued Mapping 

In this part for all 𝑎, 𝑏 𝜖 𝑋. Now consider the following non – expansive type condition: 

 

𝑑(𝑓𝑎, 𝑓𝑏) ≤  𝛼 𝑑 [(𝑎, 𝑓𝑎) +  𝑑(𝑏, 𝑓𝑏)] +  𝛽[(𝑎, 𝑓𝑎) +  𝑑(𝑏, 𝑓𝑏)] +  𝛾 𝑑(𝑎, 𝑏) +  𝜉[𝑀(𝑎, 𝑏)  +  ℎ𝑚(𝑎, 𝑏)]    (1) 

 

𝛾 ≥ 0, 𝛼, 𝛽, 𝜉 >  0, 0 < ℎ < 1            (2) 

    

2𝛼 + 2𝛽 + 𝛾 + 2𝜉 =  1            (3) 

 

𝑀(𝑎, 𝑏) = max{(𝑑(𝑎, 𝑓𝑏), 𝑑(𝑏, 𝑓𝑎)}, 

 

And 𝑚(𝑎, 𝑏) = min{(𝑑(𝑎, 𝑓𝑏), 𝑑(𝑏, 𝑓𝑎)} 

  

The idea of asymptotically regular mapping for a point in the hilbert space was bring in by Browder and Petryshyn. 𝐹 is a 

mapping on a metric space (𝑋, 𝑑) is alleged asymptotically regular at 𝑥 𝜖 𝑋, if 

 

lim
𝑛→∞

𝑑(𝑓𝑛𝑥, 𝑓𝑛+1𝑥)  =  0. 

 

Proposition 1: Let 𝑓 be a self−mapping on 𝑋 satisfying the condition (1) with (2) and (3). Then 𝑓 is asymptotically regular at 

each point in 𝑋. 

 

Proof: Suppose 𝑎0 be any point in 𝑋, we define a sequence {𝑎𝑛}  

Such that From (1) 

 

 𝑎𝑛+1  =  𝑓𝑎𝑛  =  𝑓𝑛𝑎0, 𝑓𝑜𝑟 𝑛 𝜖 𝑁 ∪ {0} 

 

𝑑(𝑎𝑛, 𝑎𝑛+1) = 𝑑(𝑓𝑎𝑛−1, 𝑓𝑎𝑛) 𝑑(𝑎𝑛 , 𝑎𝑛+1) ≤  𝛼[𝑑(𝑎𝑛−1, 𝑎𝑛) +  𝑑(𝑎𝑛 , 𝑎𝑛+1)] + 𝛽[𝑑(𝑎𝑛−1, 𝑎𝑛+1) +  𝑑(𝑎𝑛 , 𝑎𝑛)] +
𝛾𝑑(𝑎𝑛−1, 𝑎𝑛) +  𝜉[𝑀(𝑎𝑛−1, 𝑎𝑛) +  ℎ𝑚(𝑎𝑛−1, 𝑎𝑛)]        (4) 

 

Now we have, 

 

 𝑀(𝑎𝑛−1, 𝑎𝑛) =  𝑑(𝑎𝑛−1, 𝑎𝑛+1)  ≤  𝑑(𝑎𝑛−1, 𝑎𝑛)  +  𝑑(𝑎𝑛−1, 𝑎𝑛). 

 

 And 

 

m(𝑎𝑛−1, 𝑎𝑛) = 0 

 

Let assume that,  
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 𝑑(𝑎𝑛−1, 𝑎𝑛) <  𝑑(𝑎𝑛 , 𝑎𝑛+1) for some n. 

 

So, by the equations (3) and (4), we will get, 

 

 𝑑(𝑎𝑛 , 𝑎𝑛+1)  <  2𝛼𝑑(𝑎𝑛 , 𝑎𝑛+1)  +  2𝛽𝑑(𝑎𝑛, 𝑎𝑛+1)  +  𝛾𝑑(𝑎𝑛 , 𝑎𝑛+1)  + 2𝜉𝑑(𝑎𝑛 , 𝑎𝑛+1) 

 

 < (2𝛼 +  2𝛽 +  𝛾 +  2𝜉)𝑑(𝑎𝑛 , 𝑎𝑛+1) 

 

 =  𝑑(𝑎𝑛, 𝑎𝑛+1) 

 

Now, this is our contradiction. 

Therefore 

 

 𝑑(𝑎𝑛−1, 𝑎𝑛)  ≥  𝑑(𝑎𝑛 , 𝑎𝑛+1) ∀ 𝑛           (5) 

 

By equation (1), we have, 

 

 𝑑(𝑎1, 𝑓𝑎2)  =  𝑑(𝑓𝑎0, 𝑓𝑎2) 

 

 𝑑(𝑎1, 𝑓𝑎2) ≤  𝛼[𝑑(𝑎0, 𝑓𝑎0) +  𝑑(𝑎2, 𝑓𝑎2)] +  𝛽[𝑑(𝑎0, 𝑓𝑎2) +  𝑑(𝑎2, 𝑓𝑎0)] +  𝛾𝑑(𝑎0, 𝑎1)  +  𝜉 [𝑀(𝑎0, 𝑎2)  +  ℎ𝑚(𝑎0, 𝑎2)] 
 

By the triangle inequality from equation (5), we get 

 

 𝑑(𝑎1, 𝑓𝑎2)  ≤  2𝛼𝑑(𝑎0, 𝑎1)  +  4𝛽𝑑(𝑎0, 𝑎1)  +  2𝛾𝑑(𝑎0, 𝑎1)  +  𝜉(3 + ℎ)𝑑(𝑎0, 𝑎1) 

 

Then, 

 

 𝑑(𝑎1, 𝑓𝑎2)  ≤  [2(1 −  𝛾)  −  𝜉(1 − ℎ)] 𝑑(𝑎0, 𝑎1)         (6) 

 

Now by equation (1) we have, 

 

 𝑑(𝑓𝑎1, 𝑓𝑎2 )  ≤  𝛼’[𝑑(𝑎1, 𝑓𝑎1)  +  𝑑(𝑎2, 𝑓𝑎2)]  + 𝛽′[(𝑎1, 𝑓𝑎2)  +  𝑑(𝑎2 , 𝑓𝑎1)]  +  𝛾’𝑑(𝑎1 , 𝑎2)  +  𝜉’[𝑀 (𝑎1, 𝑎2)  
+ ℎ𝑚 (𝑎1, 𝑎2)] 

 

Here 

 

𝑑(𝑎1, 𝑓𝑎2)  =  𝑀(𝑎1, 𝑎2 ) 𝑎𝑛𝑑 𝑚(𝑎1, 𝑎2 )  =  0 

 

𝛼′, 𝛽′, 𝛾′, 𝜉′𝑎𝑟𝑒 𝑛𝑜𝑡ℎ𝑖𝑛𝑔 𝑏𝑢𝑡 𝛼, 𝛽, 𝛾, 𝜉 𝑖𝑛 𝑎 𝑚𝑎𝑛𝑛𝑒𝑟 𝑡ℎ𝑎𝑡 2𝛼′ , 2𝛽′, 𝛾′ ,2𝜉′ = 1 

 

Then by equation (5) and (6), we have, 

 

 𝑑(𝑓𝑎1 , 𝑓𝑎2)  ≤  2𝛼’𝑑(𝑎0, 𝑎1)  +  𝛽′𝑑(𝑎1, 𝑓𝑎2)  +  𝛾’𝑑(𝑎0, 𝑎1)  +  𝜉’𝑑(𝑎1, 𝑓𝑎2) 

 

 ≤  (2𝛼’ + 𝛾’)𝑑(𝑎0, 𝑎1)  + (𝛽′ +  𝜉’) 𝑑(𝑎1, 𝑓𝑎2) 

 

 ≤  (2𝛼’ + 𝛾’)𝑑(𝑎0, 𝑎1)  + (𝛽′ +  𝜉’)[(2(1 − 𝛾) −  𝜉(1 − ℎ)]𝑑(𝑎0 , 𝑎1) 

 

𝑑(𝑓𝑎1 , 𝑓𝑎2)  ≤  2𝛼’ +  𝛾’𝑑(𝑎0 , 𝑎1)  +  2𝛽′ −  2𝛽′𝛾 −  𝛽′𝜉(1 − ℎ) − 2𝜉’ℎ −  𝜉𝜉’(1 − ℎ) + 2𝜉’ 
 

 𝑑(𝑓𝑎1, 𝑓𝑎2 )  ≤  (1 − 𝑠2(1 − ℎ))𝑑(𝑎0 , 𝑎1), 𝑤ℎ𝑒𝑟𝑒 𝑠2  = 𝜉𝜉’       (7) 

 

Again, we have from equation (5) and (7), 

 

𝑑(𝑓𝑎2, 𝑓𝑎3)  ≤ 𝑑(𝑓𝑎1 , 𝑓𝑎2) 

 

 ≤ (1 − 𝑠2(1 − ℎ))𝑑(𝑎0 , 𝑎1) 

 

And from equation (1) and (5), we have, 

 

𝑑(𝑓𝑎2, 𝑓𝑎4) ≤  𝛼[𝑑(𝑎2, 𝑓𝑎2) +  𝑑(𝑎4, 𝑓𝑎4)] + 𝛽[(𝑎2, 𝑓𝑎4) +  𝑑(𝑎4, 𝑓𝑎2)] + 𝛾𝑑(𝑎2, 𝑎4) + 𝜉[𝑀(𝑎2, 𝑎4)] + ℎ𝑚(𝑎2, 𝑎4)] 
    

 ≤ 2𝛼𝑑(𝑎2, 𝑎3) + 4𝛽𝑑(𝑎2, 𝑎3) + 2𝛾𝑑(𝑎2, 𝑎3) + 𝜉(3 + ℎ)𝑑(𝑎2, 𝑎3) 
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≤ (2(1 − 𝛾) − 𝜉(1 − ℎ))𝑑(𝑎0, 𝑓𝑎0) (8) 

 

We get from equation (5) and (8), 

 

𝑑(𝑓𝑎3, 𝑓𝑎4) ≤  𝛼′[𝑑(𝑎3, 𝑓𝑎3) +  𝑑(𝑎4, 𝑓𝑎4)] + 𝛽′[(𝑎3, 𝑓𝑎4) +  𝑑(𝑎4, 𝑓𝑎3)] + 𝛾′𝑑(𝑎3, 𝑎4) + 𝜉[𝑀(𝑎3, 𝑎4)] + ℎ𝑚(𝑎3, 𝑎4)
≤ (2𝛼′ + 𝛾′)𝑑(𝑎3, 𝑎4) + (𝛽′ + 𝜉′)𝑑(𝑎3, 𝑓𝑎4) 

 

≤ (2𝛼′ + 𝛾′)𝑑(𝑎3, 𝑎4) + (𝛽′ + 𝜉′)(2(1 − 𝛾) − 𝜉(1 − ℎ)) 𝑑(𝑎2, 𝑎3)  ≤ (1 − 𝑠2(1 − ℎ))
2

𝑑(𝑎0 , 𝑎1) 

 

Furthermore,  

    

 𝑑(𝑓𝑎4 , 𝑓𝑎5)  ≤ 𝑑(𝑓(𝑎3 , 𝑓𝑎4) 

 

 ≤ (1 − 𝑠2(1 − ℎ))
2

𝑑(𝑎0 , 𝑎1) 

 

where 𝛾′ ≥ 0, 𝛼′, 𝛽′, 𝛾′ > 0, 2𝛼′ + 2𝛽′ + 𝛾′ + 2𝜉’ = 1 𝑎𝑛𝑑 𝑠2 = 𝜉𝜉’ 

 

Correspondingly, 

 

 𝑑(𝑓𝑎5 , 𝑓𝑎6)  ≤ (1 − 𝑠2(1 − ℎ))
3

𝑑(𝑎0 , 𝑎1) 

 

And then continue this process 

For 𝑛 term, we have, 

 

𝑑(𝑓𝑛𝑎0 , 𝑓𝑛+1𝑎0) ≤ (1 − 𝑠2(1 − ℎ))
(

𝑛

2
)
𝑑(𝑎0 , 𝑓𝑎1)         (9) 

 

Here (
𝑛

2
) indicates the greatest integer which is not exceeding by (

𝑛

2
). 

 

Since, 0 < 𝑠 <  
1

2
 and ℎ < 1, we have lim

𝑛→∞
𝑑(𝑓𝑛𝑎0, 𝑓𝑛+1𝑎0) = 0 

 

Therefore 𝑓 is asymptotically regular at 𝑎0. 

 

Preposition 2: If 𝑓 is a self – mapping on 𝑥 which satisfying the condition (1) with (2) and (3). If 𝑓 has a fixed point say 𝑞 then 

𝑓 is continuous at 𝑞. 
 

Proof: Let 𝑎𝑛 →  𝑞 =  𝑇 then, by triangle inequality which we used in (1) condition and using (3) condition, we get, 

 

𝑑(𝑓𝑎𝑛 , 𝑓𝑞)  ≤  𝛼[𝑑(𝑎𝑛 , 𝑓𝑎𝑛)  +  𝑑(𝑞, 𝑓𝑞)]  +  𝛽[(𝑎𝑛 , 𝑓𝑞)  +  𝑑(𝑞, 𝑓𝑎𝑛)]  +  𝛾𝑑(𝑎𝑛, 𝑞)  +  𝜉 [𝑀(𝑎𝑛 , 𝑞)  +  ℎ𝑚(𝑎𝑛, 𝑞)] 
 

 ≤  𝛼[𝑑(𝑎𝑛 , 𝑞)  +  𝑑(𝑞, 𝑓𝑎𝑛)]  +  𝛽[𝑑(𝑎𝑛, 𝑞)  +  𝑑(𝑞, 𝑓𝑎𝑛)]  +  𝛾𝑑(𝑎𝑛 , 𝑞)  +  𝜉 [max{𝑑(𝑎𝑛 , 𝑞), 𝑑(𝑞, 𝑓𝑎𝑛)}
+  ℎ min{𝑑(𝑎𝑛 , 𝑞), 𝑑(𝑞, 𝑓𝑎𝑛)] 

 

 < (2𝛼 +  2𝛽 +  𝛾 +  2𝜉)𝑑(𝑎𝑛 , 𝑞)  

 

 = 𝑑(𝑎𝑛 , 𝑞) 

 

Now 𝑓𝑥𝑛 →  𝑓𝑞 whenever 𝑛 → ∞ therefore 𝑓 is continuous at 𝑞. 

 

Theorem1: Suppose (𝑋, 𝑑) be a non-empty complete metric space, and let 𝑓 be a self-mapping on 𝑋 which satisfy the following 

condition (1) with (2) and (3). Then 𝑓 has a unique fixed point. 

 

Proof: Suppose 𝑎0 𝜖 𝑋 be arbitrary. Define a sequence {𝑎𝑛} in 𝑋 such that 𝑎𝑛+1 = 𝑓𝑛𝑥0. Then from equation (9) we get the 

result {𝑓𝑛𝑥0} is a Cauchy sequence. Since 𝑋 is complete, there is 𝑞 ∈  𝑋 such that 

 

lim
𝑛→∞

𝑓𝑛 𝑥 = 𝑞 

 

Now from (1) equation, we have, 

 𝑑(𝑓𝑛𝑎, 𝑓𝑞)  ≤  𝛼[𝑑(𝑓𝑛−1𝑎, 𝑓𝑛𝑎)  +  𝑑(𝑞, 𝑓𝑞)]  +  𝛽[(𝑓𝑛−1𝑎, 𝑓𝑞)  +  𝑑(𝑞, 𝑓𝑛𝑎)]  +  𝛾𝑑(𝑓𝑛−1𝑎, 𝑞)  +  𝜉 [𝑀(𝑓𝑛−1𝑎, 𝑞)  
+  ℎ𝑚(𝑓𝑛−1, 𝑞)] 
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Now using the limit as 𝑛 → ∞ 

 

 𝑑(𝑞, 𝑓𝑞) ≤  (𝛼 +  𝛽 + + 𝜉)𝑑(𝑞, 𝑓𝑞) 

 

Then 𝑞 =  𝑓𝑞 

Now suppose that 𝑞 and 𝑟 are two fixed point then by equation (1), we get, 

 

 𝑑(𝑞, 𝑟)  =  𝑑 (𝑓𝑞, 𝑓𝑟) 

 ≤  𝛼[𝑑(𝑞, 𝑓𝑞) +  𝑑(𝑟, 𝑓𝑟)] +  𝛽[𝑑(𝑞, 𝑓𝑞) +  𝑑(𝑟, 𝑓𝑟)] +  𝛾[𝑑(𝑞, 𝑟)] + 𝜉[𝑀(𝑞, 𝑟)  +  ℎ𝑚(𝑞, 𝑟)] 
 

=  (2𝛽 +  𝛾 + 𝜉 (1 + ℎ))𝑑(𝑞, 𝑟) 

 

By using equation (3), we get 

 

 𝑑(𝑞, 𝑟 )  ≤  [1 – (2𝛾 +  𝜉(1 − ℎ))] 𝑑(𝑞, 𝑟) 

 

 which implies 𝑞 =  𝑟. Hence 𝑓 has a unique fixed point. 

 

Example1: 𝐿𝑒𝑡 𝑋 =  {0, 1, 3}. 𝐷𝑒𝑓𝑖𝑛𝑒 𝑇 ∶  𝑋 → 𝑋 𝑎𝑠: 
 

𝑇(0) = 0, 𝑇(1) = 0, 𝑇(3) = 1 

 

The metric 𝑑 on 𝑋 is defined by: 

 

• 𝑑(0,0) = 𝑑(1,1) = 𝑑(3,3) = 0, 
• 𝑑(0,1) = 𝑑(1,0) = 3, 
• 𝑑(0,3) = 𝑑(3,0) = 2, 
• 𝑑(1,3) = 𝑑(3,1) = 2. 
 

𝑇ℎ𝑒𝑛, 𝑇 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑎𝑙𝑙 𝑡ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 (1)𝑓𝑜𝑟 𝛼 =
3

10
, 𝛽 =

2

10
, 𝛾 =

3

10
, 𝜉 =

2

10
, 𝑎𝑛𝑑 0 𝑖𝑠 𝑡ℎ𝑒 𝑜𝑛𝑙𝑦 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑇. 

 

𝐻𝑜𝑤𝑒𝑣𝑒𝑟, 𝑇 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝑡ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑜𝑓 (12) 𝑓𝑜𝑟 𝑥 = 0, 𝑦 = 3. 
 

2.2 Coincidence point theorem for A Pair of single valued mappings 

Theorem 2: Suppose 𝑔 and 𝑓 be self- mapping on a metric space (𝑀, 𝑑) such that 𝑔(𝑥)  ⊂ 𝑓(𝑥). Suppose that 𝑎 , 𝑏 ∈  𝑋 then 

the following condition hold. 

 

𝑑(𝑔𝑎, 𝑔𝑦)  ≤  𝛿1[𝑑(𝑓𝑎, 𝑔𝑎)  +  𝑑(𝑓𝑏, 𝑔𝑏)]  +  𝛿2[𝑑(𝑓𝑎, 𝑔𝑏)  +  𝑑(𝑓𝑏, 𝑔𝑎)] + 𝛿3𝑑(𝑓𝑎, 𝑓𝑏)  
+  𝛿4𝐹1[min{𝑑(𝑓𝑎, 𝑔𝑎), 𝑑(𝑓𝑏, 𝑔𝑏)}]  + 𝛿5𝐹2[𝑑(𝑓𝑎, 𝑔𝑎)𝑑(𝑓𝑏, 𝑔𝑏)] 

 

 

where for 𝑖 =  1, 2, 3, 4, 5, 𝛿𝑖 > 0 such that for every arbitrary fixed 𝑘 >  0, 0 <  𝜆 1 <  1 𝑎𝑛𝑑 0 <  𝜆 2 <  1 , the following 

conditions hold: 

 

 𝛿1 + 𝛿2  <  𝜆 1, 𝛿3 +  2𝛿2  <  𝜆 2, 𝛿4 +  𝛿5  <  𝑘  
 

If 𝑓(𝑀) or 𝑔(𝑀) is a complete subspace of 𝑀 𝑎𝑛𝑑 𝑔 is asymptotically 𝑓 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 at some point 𝑎0 𝜖 𝑀, then 𝑔 and 𝑓 have a 

coincidence point. 

 

Theorem 3: Suppose 𝑔 and 𝑓 be self mapping on a metric space (𝑋, 𝑑) satisfying for 𝑎, 𝑏 𝜖 𝑋, then the condition 

 

𝑑(𝑔𝑎, 𝑔𝑏) ≤ 𝛼[𝑑(𝑓𝑎, 𝑔𝑎) +  𝑑(𝑓𝑏, 𝑔𝑏)]  +  𝛽[𝑑(𝑓𝑎, 𝑔𝑏)] + 𝑑(𝑓𝑏, 𝑔𝑎)]  +  𝛾𝑑(𝑓𝑎, 𝑓𝑏) +  𝜉[𝑀𝑓(𝑎, 𝑏)  +  ℎ𝑚𝑓(𝑎, 𝑏)] (10) 

 

 Where 

 𝛾 ≥ 0, 𝛼, 𝛽, 𝜉 > 0, 𝑎𝑛𝑑 0 < ℎ < 1 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 2𝛼 + 2𝛽 + 𝛾 + 2𝜉 = 1 

 

 𝑀𝑓(𝑎, 𝑏) = max{𝑑(𝑓𝑎, 𝑔𝑏), 𝑑(𝑓𝑏, 𝑔𝑎)}  𝑎𝑛𝑑 𝑚𝑓(𝑎, 𝑏) = min{𝑑(𝑓𝑎, 𝑔𝑏), 𝑑(𝑓𝑏, 𝑔𝑎)} 

 
If 𝑔(𝑋) ⊂ 𝑓(𝑋) 𝑎𝑛𝑑 𝑔 𝑖𝑠 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝑓 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑎𝑡 𝑠𝑜𝑚𝑒 𝑎0 in 𝑋 and one of the following holds 

• 𝑓 is surjective and 𝑋 is complete 

• 𝑓 is continuous, 𝑋 is complete and 𝑓 𝑎𝑛𝑑 𝑔 are compatible 
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• 𝑓(𝑋) is complete subspace of 𝑋 

• 𝑔(𝑋) is complete subspace of 𝑋 

 

So, there exist a coincidence point in 𝑋 for 𝑓 𝑎𝑛𝑑 𝑔. Furthermore, the coincidence value is unique that is 𝑓𝑝 = 𝑓𝑞 , whenever, 

𝑓𝑝 = 𝑔𝑞 and 𝑓𝑞 = 𝑔𝑞  

 

Proof: Suppose 𝑎0 𝜖 𝑋 be an arbitrary. Since 𝑔(𝑋) ⊂ 𝑓(𝑋), we may create a sequence 𝑓𝑥𝑛+1 = 𝑔𝑥𝑛for n ϵ N ∪ {0}. Now from 

equation (10), we obtain (ℎ = 1) 

 

𝑑(𝑓𝑎𝑛+1, 𝑓𝑎𝑛+2) ≤ 𝛼[𝑑(𝑓𝑎𝑛, 𝑔𝑎𝑛) +  𝑑(𝑓𝑎𝑛+1, 𝑔𝑎𝑛+1)] +  𝛽[𝑑(𝑓𝑎𝑛 , 𝑔𝑎𝑛+1)] + 𝑑(𝑓𝑎𝑛+1, 𝑔𝑎𝑛)]  +  𝛾𝑑(𝑓𝑎𝑛, 𝑓𝑎𝑛+1)
+  𝜉[𝑀𝑓(𝑎𝑛, 𝑎𝑛+1)  + 𝑚𝑓(𝑎𝑛 , 𝑎𝑛+1)] 

 

The result of above inequality for some 𝑛 as 

 

 𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑛+1) < 𝑑(𝑓𝑎𝑛+1, 𝑓𝑎𝑛+2) 

 

 𝑑(𝑓𝑎𝑛+1, 𝑓𝑎𝑛+2) < (2𝛼 + 2𝛽 + 𝛾 + 2𝜉) 𝑑(𝑓𝑎𝑛+1, 𝑓𝑎𝑛+2) 

 

 = 𝑑(𝑓𝑎𝑛+1, 𝑓𝑎𝑛+2) 

 

That is a contradiction. So,  

 

 𝑑(𝑓𝑎𝑛+1, 𝑓𝑎𝑛+2) ≤ 𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑛+1) ∀ n (11) 

 

For 𝑚 > 𝑛 , we obtain 

 

𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑚) ≤ 𝑑(𝑓𝑎𝑛+1, 𝑓𝑎𝑚+1) +  𝑑(𝑓𝑎𝑚+1, 𝑓𝑎𝑚) + 𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑛+1) 

 

 =  𝑑(𝑓𝑎𝑚+1, 𝑓𝑎𝑚) +  𝑑(𝑔𝑎𝑛 , 𝑔𝑎𝑚) + 𝑑(𝑓𝑎𝑛, 𝑓𝑎𝑛+1) 

 

By triangle inequality and by equation (10) & (11), we obtain, 

 

𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑚) ≤ 𝑑(𝑓𝑎𝑚+1, 𝑓𝑎𝑚) +  𝑑(𝑓𝑎𝑛, 𝑓𝑎𝑛+1) + 𝛼[𝑑(𝑓𝑎𝑛 , 𝑔𝑎𝑛) +  𝑑(𝑓𝑎𝑚, 𝑔𝑎𝑚)] +  𝛽[𝑑(𝑓𝑎𝑛, 𝑔𝑎𝑚)] + 𝑑(𝑓𝑎𝑚, 𝑔𝑎𝑛)]  
+  𝛾𝑑(𝑓𝑎𝑛, 𝑓𝑎𝑚) +  𝜉[𝑀𝑓(𝑎𝑛 , 𝑎𝑚)  +  𝑚𝑓(𝑎𝑛 , 𝑎𝑚)] 

 

𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑚) ≤ 𝑑(𝑓𝑎𝑚+1, 𝑓𝑎𝑚) +  𝑑(𝑓𝑎𝑛, 𝑓𝑎𝑛+1) + 𝛼[𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑛+1) +  𝑑(𝑓𝑎𝑚, 𝑓𝑎𝑚+1)] +  𝛽[𝑑(𝑓𝑎𝑛, 𝑓𝑎𝑚)]
+ 𝑑(𝑓𝑎𝑚, 𝑓𝑎𝑚+1) + 𝑑(𝑓𝑎𝑚, 𝑓𝑎𝑛) +  𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑛+1)]  +  𝛾𝑑(𝑓𝑎𝑚 , 𝑓𝑎𝑛)

+  𝜉[(𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑚)  +  𝑑(𝑓𝑎𝑚, 𝑓𝑎𝑚+1)) + (𝑑(𝑓𝑎𝑚, 𝑓𝑎𝑛)  +  𝑑(𝑓𝑎𝑚, 𝑓𝑎𝑚+1))] 

 

 = (2𝛽 + 𝛾 + 2𝜉)𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑚) +  𝛾[𝑑(𝑓𝑎𝑛, 𝑓𝑎𝑛+1) + 𝑑(𝑓𝑎𝑚 , 𝑓𝑎𝑚+1)] 
 

 = (1 + 𝛽 + 𝜉)[𝑑(𝑓𝑎𝑚, 𝑓𝑎𝑚+1) +  𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑛+1)] 
 

𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑚) = (
1 + 𝛽 + 𝜉

2𝛼
) [𝑑(𝑓𝑎𝑚, 𝑓𝑎𝑚+1) +  𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑛+1)] 

 

Since 𝑔 is asymptotically 𝑓 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 . In the above inequality the right-hand side of equation tends to zero, as 𝑚, 𝑛 → ∞ then, 

lim
𝑚,𝑛→∞

𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑚) = 0. This implies that {𝑓𝑎𝑛} is a Cauchy sequence in 𝑋. Now, we examine the following cases: 

 

Consider 𝑓 is surjective and 𝑋 is complete. Then there exists a point 𝑞 𝜖 𝑋 such that lim
𝑛→∞

𝑓𝑎𝑛  = 𝑞 and a point 𝑧 𝜖 𝑋 satisfying 

𝑞 = 𝑓𝑧. From equation (10), it follows that the result holds with ℎ = 1 

 

 𝑑(𝑔𝑧, 𝑓𝑧) ≤ 𝑑( 𝑔𝑎𝑛, 𝑔𝑧) + 𝑑(𝑓𝑧, 𝑓𝑎𝑛+1) 

 

𝑑(𝑔𝑧, 𝑓𝑧) ≤ 𝛼[𝑑(𝑓𝑎𝑛 , 𝑔𝑎𝑛) +  𝑑(𝑓𝑧, 𝑔𝑧)] +  𝛽[𝑑(𝑓𝑎𝑛 , 𝑔𝑧) + 𝑑(𝑓𝑧, 𝑔𝑎𝑛)]  +  𝛾𝑑(𝑓𝑎𝑛, 𝑓𝑧) +  𝜉[𝑀𝑓(𝑎𝑛+1, 𝑧)  

+  𝑚𝑓(𝑎𝑛+1, 𝑧)] +  𝑑(𝑓𝑧, 𝑓𝑎𝑛+1) 

 

𝑑(𝑔𝑧, 𝑓𝑧) ≤ 𝛼[𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑛+1) +  𝑑(𝑓𝑧, 𝑔𝑧)] +  𝛽[𝑑(𝑓𝑎𝑛 , 𝑔𝑧) + 𝑑(𝑓𝑧, 𝑓𝑎𝑛+1)] +  𝛾𝑑(𝑓𝑎𝑛 , 𝑓𝑧)  
+ 𝜉[𝑚𝑎𝑥{𝑑(𝑓𝑎𝑛, 𝑓𝑎𝑛+1), 𝑑(𝑓𝑧, 𝑔𝑧)} +  𝑚𝑖𝑛{𝑑(𝑓𝑎𝑛 , 𝑓𝑎𝑛+1), 𝑑(𝑓𝑧, 𝑔𝑧)} +  𝑑(𝑓𝑧, 𝑓𝑎𝑛+1)]  

 

Letting 𝑛 → ∞, we obtain 
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𝑑(𝑔𝑧, 𝑓𝑧) ≤ (𝛼 + 𝛽 + 𝜉)(𝑔𝑧, 𝑓𝑧) 

 

which implies that 𝑞 = 𝑓𝑧 = 𝑔𝑧. Therefore, 𝑓 and 𝑔 share a coincidence point. 

 

Assume that 𝑓 is continuous and 𝑋 is complete, and 𝑔 and 𝑓 are compatible. Then, 

 

lim
𝑛→∞

𝑓𝑎𝑛 = 𝑞 

 

Implies 

 

lim
𝑛→∞

𝑓𝑓𝑎𝑛 = 𝑓𝑞 

 

From equation (10), with ℎ = 1, we obtain, 

 

 𝑑(𝑔𝑞, 𝑓𝑞) ≤ 𝑑(𝑓𝑔𝑎𝑛, 𝑔𝑞) +  𝑑( 𝑓𝑞, 𝑓𝑓𝑎𝑛+1) 

 

𝑑(𝑔𝑞, 𝑓𝑞) ≤ 𝑑(𝑓𝑔𝑎𝑛 , 𝑔𝑓𝑎𝑛) + 𝑑(𝑔𝑓𝑎𝑛, 𝑔𝑞) + 𝑑( 𝑓𝑞, 𝑓𝑓𝑎𝑛+1)  
 

𝑑(𝑔𝑞, 𝑓𝑞) ≤ 𝑑(𝑓𝑔𝑎𝑛 , 𝑔𝑓𝑎𝑛) +  𝛼[𝑑(𝑓𝑓𝑎𝑛 , 𝑔𝑓𝑎𝑛) + 𝑑(𝑓𝑞, 𝑔𝑞)] + 𝛽[𝑑(𝑓𝑓𝑎𝑛 , 𝑔𝑞) + 𝑑(𝑓𝑞, 𝑔𝑓𝑎𝑛)] + 𝛾𝑑(𝑓𝑓𝑎𝑛 , 𝑓𝑞)
+  𝜉[𝑀𝑓(𝑓𝑎𝑛 , 𝑞)  +  𝑚𝑓(𝑓𝑎𝑛 , 𝑞)] + 𝑑( 𝑓𝑞, 𝑓𝑓𝑎𝑛+1)  

 

Since, 

 

lim
𝑛→∞

𝑓𝑎𝑛 = lim
𝑛→∞

𝑔 𝑎𝑛 = 𝑞 

 

And 𝑔 and 𝑓 are appropriate, it follows that 

 

lim
𝑛→∞

𝑑(𝑓𝑔𝑎𝑛 , 𝑔𝑓𝑎𝑛) = 0 

 

Using the limit as 𝑛 → ∞ in the above inequality results in: 

 

 𝑑(𝑔𝑞, 𝑓𝑞) ≤ (2𝛼 + 2𝛽 +  2𝜉)𝑑(𝑔𝑞, 𝑓𝑞) 

 

Then 

 

 𝑑(𝑔𝑞, 𝑓𝑞) ≤ (1 − 𝛾)𝑑(𝑔𝑞, 𝑓𝑞) 

 

This implies that, 𝑔𝑞 = 𝑓𝑞 

 

• 𝑋 be a complete subspace of 𝑓(𝑋) , then 𝑞 ∈  𝑓(𝑋). Let 𝑧 ∈  𝑓−1𝑞. In that case, 𝑞 = 𝑓𝑧, and the proof follows from case 

(i). 

 

• If 𝑔(𝑋) is a complete subspace of 𝑋, then 𝑞 ∈  𝑔(𝑋) ⊂  𝑓(𝑋) , and the proof follows from case (iii). 

 

To demonstrate uniqueness, assume 𝑞 is another coincidence point of 𝑓 and 𝑔, that is 𝑔𝑞 = 𝑓𝑞, 𝑔𝑝 = 𝑓𝑝. 

 

From equation (10), we have: 

 

 𝑑(𝑔𝑞, 𝑔𝑝) ≤ 𝛼[𝑑(𝑓𝑞, 𝑔𝑞) +  𝑑(𝑓𝑝, 𝑔𝑝)]  +  𝛽[𝑑(𝑓𝑞, 𝑔𝑝)] + 𝑑(𝑓𝑝, 𝑔𝑞)]  +  𝛾𝑑(𝑓𝑞, 𝑓𝑝) +  𝜉[𝑀𝑓(𝑞, 𝑝)  +  𝑚𝑓(𝑞, 𝑝)] 

 𝑑(𝑔𝑞, 𝑔𝑝) ≤ ( 𝛾 + 2𝛽 +  2𝜉) 𝑑(𝑔𝑞, 𝑔𝑝) 

 

Then, 

 

 𝑑(𝑔𝑞, 𝑔𝑝) ≤ (1 − 2𝛼)𝑑(𝑔𝑞, 𝑔𝑝), 
 

which implies 𝑔(𝑞) = 𝑔(𝑝), and consequently, 𝑓(𝑞) = 𝑓(𝑝). 

 

Remark 2: By setting 𝑓 as the identity mapping on 𝑋 (𝑓 = 𝐼) in Theorem 3, we obtain another version of Theorem 1 for ℎ = 1. 
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