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Abstract 

The hyperbola represented by the binary quadratic equation 7x2-5y2 = 8 is analyzed for 

finding its non-zero distinct integer solutions. A few interesting relations among its 

solutions are presented. Also, knowing an integral solution of the given hyperbola, 

integer solutions for other choices of hyperbolas and parabolas are presented.
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Introduction 

The binary quadratic Diophantine equations of the form  0N,b,a,Nbyax 22   are rich in variety and have been analyzed 

by many mathematicians for their respective integer solutions for particular values of b,a and N . In this context, one may refer 
[1-12]. 

 

This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary quadratic equation 

given by 857 22  yx  representing hyperbola. A few interesting relations among its solutions are presented. Knowing an 

integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are presented.  

 

Method of Analysis 

The Pell - like equation representing hyperbola under consideration is 

 

 1857 22  yx
 

 

Whose smallest positive integer solutions is 

 

12,2 00  XT
 

 

To obtain the other solution of (1), 
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Consider the Pell equation 

 

135 22  TX
 

 

Whose general solution is given by 

 

nn gT
352

1~


 
 

nn fX
2

1~


 
 

Where, 

 

    11

356356



nn

nf  
 

    11

356356



nn

ng
 

 

Appling Brahmagupta lemma between  00 , XT  and  nn XT
~

,
~ , the other integer solutions of (1) are given by 

 

nnn gfx
35

65
111 

 
 

nnn gfy
35

77
131 

 
 

The recurrence relations satisfied by x and y are given by 

 

012

012

321

321









nnn

nnn

yyy

xxx

 
 

Some numerical examples of x and y satisfying (1) are given in the following table 

 
Table 1 

 

n  
  1nx

 
1ny
 

-1 22 26 

0 262 310 

1 3122 3694 

2 37202 44018 

3 443302 524522 

  

 From the above table, we observe some interesting relations among the solutions which are presented below: 

Both 
1nx and 

1ny  are always even. 

Each of the following expressions is a nasty number 

 

1680546065100)( 3222   nn xxi
 

 

241920655209308880)( 4222   nn xxii
 

 

16802730032340)( 2222   nn yxiii
 

 

604801638002310840)( 3222   nn yxiv
  

 

84688801938300325843140)( 4222   nn yxv
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168065100775740)( 4232   nn xxvi
 

 

604801953000194040)( 2232   nn yxvii
 

 

1680325500385140)( 3232   nn yxviii
 

 

60480195300027536040)( 4232   nn yxix
 

 

84688802753877002296140)( 2242   nn yxx
 

 

60480232722002310840)( 3242   nn yxxi
 

 

168038787004589340)( 4242   nn yxxii
 

 

1680550204620)( 2232   nn yyxiii
 

 

241920786744055440)( 2242   nn yyxiv
 

 

168065562055020)( 3242   nn yyxv
 

 

Remarkable Observations 
1). Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola 

which are presented in the table below: 

 
Table 2 

 

S.NO Hyperbola x, y 

1. 8075 22  yx
 

12

21

13111

13155









nn

nn

xxy

xxx

 

2. 1152075 22  yx
 

13

31

156111

131847









nn

nn

xxy

xxx

 

3. 1635 22  yx
 

11

11

1311

6577









nn

nn

xyy

yxx

 

4. 57635 22  yx
 

12

21

15511

65917









nn

nn

xyy

yxx

 

5. 8065635 22  yx
 

13

31

184711

6510927









nn

nn

xyy

yxx

 

6. 8075 22  yx
 

23

32

1561131

1551847









nn

nn

xxy

xxx

 

7. 57635 22  yx
 

21

12

13131

77577









nn

nn

xyy

yxx

 

8. 1635 22  yx
 

22

22

155131

775917









nn

nn

xyy

yxx

 

9. 57635 22  yx
 

23

32

1847131

77510927









nn

nn

xyy

yxx

 

10. 8065635 22  yx
 

31

13

131561

923577









nn

nn

xyy

yxx
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11. 57635 22  yx
 

32

23

1551561

9235917









nn

nn

xyy

yxx

 

12. 1635 22  yx
 

33

33

18471561

923510927









nn

nn

xyy

yxx

 

13. 78435 22  yx
 

21

12

13155

91777









nn

nn

yyy

yyx

 

14. 11289635 22  yx
 

31

12

131847

1092777









nn

nn

yyy

yyx

 

15. 78435 22  yx
 

32

23

1551847

10927917









nn

nn

yyy

yyx

 
 

2). Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola 

which are presented in the table below: 

 
Table 3 

 

S.NO Parabola x, y 

1. 80710 2  yx
 

12

3222

13111

413155









nn

nn

xxy

xxx

 

2. 115207120 2  yx
 

13

4222

156111

48131847









nn

nn

xxy

xxx

 

3. 16352 2  yx
 

11

2222

1311

46577









nn

nn

xyy

yxx

 

4. 5763512 2  yx
 12

3222

15511

2465917









nn

nn

xyy

yxx

 

5. 8065635142 2  yx
 

13

4222

184711

2846510927









nn

nn

xyy

yxx

 

6. 80710 2  yx
 

23

4232

1561131

41551847









nn

nn

xxy

xxx

 

7. 5763512 2  yx
 

21

2232

13131

2477577









nn

nn

xyy

yxx

 

8. 16352 2  yx
 

22

3232

155131

4775917









nn

nn

xyy

yxx

 

9. 5763512 2  yx
 

23

4232

1847131

2477510927









nn

nn

xyy

yxx

 

10. 8065635142 2  yx
 

31

2242

131561

284923577









nn

nn

xyy

yxx

 

11. 5763512 2  yx
 

32

3242

1551561

249235917









nn

nn

xyy

yxx

 

12. 16352 2  yx
 

33

4242

18471561

4923510927









nn

nn

xyy

yxx

 

13. 11252 2  yx
 

21

2232

13155

2891777









nn

nn

yyy

yyx

 

14. 16128524 2  yx
 

31

2242

131847

3361092777









nn

nn

yyy

yyx

 

15. 11252 2  yx
 

32

3242

1551847

2810927917









nn

nn

yyy

yyx

 
 

Conclusion 

In this paper, we have made an attempt to obtain all integer solutions through a single process. To conclude, One may search for 

the equations for which the above method is applicable. 
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