International Journal of Multidisciplinary Research and Growth Evaluation www.allmultidisciplinaryjournal.com

International Journal of Multidisciplinary
Research and Growth Evaluation.

Solution to fractional neutron point kinetic model considering six energy groups using
conformable derivatives

G Fernandez-Anaya !, LA Quezada-Téllez 2, S Quezada-Garcia 3, FA Godinez 4, MA Polo-Labarrios %

1.5 Departamento de Fisicay Matematicas, Universidad Iberoamericana Ciudad de México, Prolongacion Paseo de Reforma 880,
Lomas de Santa Fe, Ciudad de México, 01219, México

2 Escuela Superior de Apan, Universidad Auténoma del Estado de Hidalgo, Carretera Apan-Calpulalpan km 8, Chimalpa
Tlalayote, 43900, Apan Hidalgo, México

35 Universidad Nacional Auténoma de México, Facultad de Ingenieria, Departamento de Sistemas Energéticos, Av. Universidad
3000, Ciudad Universitaria, Coyoacan, 04510, Ciudad de México, México

4 Universidad Nacional Auténoma de México, Instituto de Ingenieria, Departamento de Mecanica y Energia, Av. Universidad
3000, Ciudad Universitaria, Coyoacan, 04510, Ciudad de México, México

4 Unidad de Investigacion y Tecnologia Aplicadas, Universidad Nacional Auténoma de México, Via de la Innovacion No. 410,
Autopista Monterrey-Aeropuerto, km. 10 PIIT, Apodaca, 66629, Nuevo Ledn, México

* Corresponding Author: MA Polo-Labarrios

Article Info Abstract _ _ o
In this work the Conformable model, obtained from Fractional Neutron Point Kinetic-

model, is extended to consider six groups of delayed neutron precursors. The

ISSN (online): 2582-7138 methodology to determine if the obtained solution is asymptotically stable or unstable

Impact Factor: 5.307 (SJIF) of the Conformable model is developed. To show the effect of the functions on the
Volume: 04 two cases of study (abrupt change of reactivity and reactor start-up), numerical
Issue: 06 simulations are performed with different anomalous diffusion coefficient values. The
November-December 2023 results of the Conformable model are equivalent to the results of the classical model.

. . . However, the neutron density shows small oscillations around the results of the
Received: 14-10-2023; classical model. The stability analysis is performed through Theorem 1 that establishes
Accepted: 16-11-2023 the conditions to determine if the solution is asymptotically stable, likewise Theorem
Page No: 1013-1027 2 is used to determine if the solution is unstable. For both theorems are establish the
corresponding inequalities that must be fulfilled.

Keywords: Reactor dynamics; Fractional neutron point kinetic equations; Anomalous diffusion exponent; Conformable
derivative; Linear multi-term ordinal differential equation: six energy groups

1. Introduction

Espinosa-Paredes et al. (Espinosa-Paredes et al., 2011) [*1 has derived the fractional neutron point kinetics model (FNPK-model)
applying fractional order derivatives to retain the main dynamic characteristics of the neutron motion (Aboanber and Nahla,
2016; Altahhan et al., 2016; Espinosa-Paredes and Cazares-Ramirez, 2016; Hamada, 2017) [2 161111, The physical interpretation
of the fractional order derivative is related with non-Fick effects of the neutron diffusion, as consequence of anomalous diffusion
phenomena that occur because of the highly heterogeneous configuration in nuclear reactor core (Espinosa-Paredes and Polo-
Labarrios, 2012). Even the model considers a relaxation time for neutrons when they start their motion associated with a rapid
variation in the neutron flux, due to the fast variation of reactivity. This relaxation time considers that the propagation velocity
of neutrons is finite. The FNPK-model constitute a useful tool to provide important information on the dynamics of the reactor
and it have been analyzed and applied in different works; e.g., (Cazares-Ramirez et al., 2017; Das et al., 2013; Nahla and
Hemeda, 2017; Nowak et al., 2015, 2014a, 2014b; Patra and Saha Ray, 2015; Ray, 2015; Ray and Patra, 2013, 2012; Roul et
al., 2019; Schramm et al., 2013; Vishwesh et al., 2017; Vyawahare et al., 2018; Vyawahare and Espinosa-Paredes, 2017,
Vyawahare and Nataraj, 2013a, 2013b; Vyawaharea and Espinosa-Paredes, 2018) 191,
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To solve the FNPK-model, the authors represented their model as a multi-term high-order linear fractional differential equation,
thus reduce the problem to a system of ordinary and fractional differential equations, and applied the numerical approximation
proposed by Edwards et al. (Edwards et al., 2002).

The detail description above physical interpretation of the FNPK-model is presented by Espinosa-Paredes et al., (Espinosa-
Paredes et al., 2008) and above its mathematical developed is in Espinosa-Paredes et. al. (Espinosa-Paredes et al., 2011) [,
Polo-Labarrios et al. (Polo-Labarrios et al., 2020), and Espinosa-Paredes et al. (Espinosa-Paredes et al., 2017) B,

Recently, Fernandez-Anaya et al. (Fernandez-Anaya et al., 2021) investigated the solution of the FNPK-model considering the
concept of local fractional order derivatives, and using conformable fractional derivative definition proposed by Khalil et al.
(Khalil et al., 2014). They obtain the Conformable neutron point kinetics model (ConfNPK-model). Their methodology
developed consider that there exist an & — differentiable functions to able obtain its solution.

The objective of this work is to present the mathematical methodology to perform stability tests to the solution of the ConfNPK-
model, considering multigroup of delayed precursors. In detail way considering six groups of delayed neutrons, for two transient
cases: in abrupt reactivity changes, and during the dynamic of start-up of a PWR, in both cases two different functions are tested
in the ConfNPK-model. The stability analysis is performed through Theorem 1 that establishes the conditions to determine if
the solution is asymptotically stable, likewise Theorem 2 is used to determine if the solution is unstable, both theorems given by
Chen and Yang (Chen and Yang, 2016). The neutron density obtained from the ConfNPK-model and the Classical neutron point
kinetic model (Classical-model) is compared to show the effect of the proposed functions and the anomalous diffusion coefficient
value, for two transient cases. The comparison shows that ConfNPK-model results are agree with the Classical-model, but
oscillatory behavior is observed, it is depending in both function and anomalous diffusion value.

2. ConfNPK-model for six group of delayed precursor neutron

Espinosa-Paredes et al. (Espinosa-Paredes et al., 2011) I modified the Classical-model based on the Cattaneo’s laws. They
have extended the application of these laws by applying a fractional constitutive law. The goal of this model is describing the
diffusion processes that do not follow the Fick’s diffusion law observed in many natural systems. Their model obtained is knows
as Fractional Neutron Point Kinetic-model (Espinosa-Paredes et al., 2011, 2008; Hamada, 2017; Polo-Labarrios et al., 2020) [*6
141, Recently, Fernandez-Anaya et al. (Fernandez-Anaya et al., 2021) applied the conformable definition to obtain the following
model:

/‘\

t)]-1+ 8 )dN (t)

2 Pu|1-
cop (e SN g e L

dt? A dt
1-a
_a f(t) PNLN(t) dp(t)+dN(t):p(t)—ﬁN(t) O<a<1 (1)
dt dt A

1o f (1) Za 4G ( Z/LC

where t is the time, f(t) is an ¢ —differentiable functions used to obtain a stable solution, N (t) is the neutron density, p,, is
the neutron non-leakage probability, p(t) is the reactivity, A is one generation average lifetime of instantaneous neutron, 1 is
the decay constant of delayed neutrons precursors, C(t) is the delayed neutrons precursors density, 4 is the total fraction of

delayed neutrons precursors, defined as

B= iﬁi @)
=)

« s the order of the differential operator known as the anomalous diffusion coefficient (for sub-diffusion process: 0 < o <1;

while for super-diffusion process: 1<a <2). z% is the anomalous relaxation time, and it is defined as (Espinosa-Paredes et al.,
2008):

rT=—=— 3
UZtr 1) ()

Where o is the neutron velocity, =, is the transport cross-section, and D is the diffusion coefficient. Other way, differential
equation of delayed neutron precursors is:
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The Egs. (1) and (4) are a couple of stiff second order nonlinear ordinary integer order differential equations. The goal of that
model is analyzing the effects of sub-diffusion processes (0 <« <1) due the anomalous diffusion exponent and the relaxation
time, applying conformable definition using different function. The Classical-model of the point kinetic equations is obtained

directly from Eq. (1) when 7 = 0.

3. ConfNPK-model stability behavior for six group of delayed precursor neutron
This section presents the development of the ConfNPK-model considering six groups of delayed precursor neutrons. Rewriting
the Egs. (1) and (4) in terms of a systems of differential equations of third order

P
o :_(PNL[l—p/(\t)]—leM 0+ B N<t)dﬁft)‘f” M (0
vy 2022 jN(t)éﬂ{%N(t)—m. <t>}+2r“f gen
G Anw-ac
simlyte sy
Py
+ %d‘;—t(t)+r‘“f(t)“_1£p(tT_ﬂ]+ : % N (t) 6)
et ae
Ly 1) 4

The system (6) has the following representation for six groups:
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dM (t
i{tz Mlo(t) Mzzt) Mzé(t) Mzz(t) Mzg(t) Mzz(t) Mzz(t) le(t)
dt - A
dcst(t) 0 0 2 0 0 0 0 % 223
dC;t(t) 0 0 0 s 0 0 0 % 228
dC;t(t) 0o 0 0 0 -4 0 0 % 28
dcgt(t) 0 0 0 0 0 iy 0 % CNG((tt))
d%ﬁ) 0 0 0 0 0 0 g %
dN (t) 1 0 0 0 0 0 0 0
e ™
Where
M, (t)= Pai [1—p[£t)]—1+,8 ~af (t)a—l
M (0= £ (0 4= o
Mg(t)z%dzt(thi%ﬁﬂr‘af(t)“‘{#j

Now, this work considers an initially critical reactor that has been operating at steady state, at t=0 3 constant change of
reactivity is inserted, it is:

0, t<0
t)= 9
pY) (pnt”+---+ Pt + po)e‘a, t>0,4 >0, p;=20, fori=0,...,n ©

where p; are the coefficients of the polynomial with adequate units and 4 represents a frequency. Substituting Eq. (9) into (8),

I\/Il(t):_ Pae |:1—(pntn +...+/i)1t+ po)e—gt:|_1+ﬁ

My (t) = Az % (1) = A2, for i=1,...,6

M3(t)=%((((n_l) pat"™ pl)e_a)_(pntn +eot Pyl + po)%lr

-7 “f(t )a_l

(10)

6 n ¢t
B pt +--+pt+pyle = —p
DA L Lon)

- A
i=1

Simply the equations system (10),
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PuL [1—(pnt” oot Pt + po)e‘a}—ltﬁ

My (t)=— N —rE (1)
My (t) = Az~ f (1)* "= 42, for i=1...,6

P . ot o (12)
M3(t)=%(—%t +£(npn—%jt B +(2p2—%jt+pl ?j by

i A A

When the concept of local fractional derivatives is used, the properties of ordinary derivatives are keeping, and thus obtaining

the ConfNPK-model. Whose solution needs an ¢ — differentiable functions. Is needed guaranteed the existences of that function.
In this section a methodology to determinates the constraint conditions that the function must fulfill.

Now, based on Theorem 2 of Chen and Yang (Chen and Yang, 2016), sufficient condition is established to have asymptotic
stability, with ¢ (1) non-periodic. The condition is as follows

© g
Ammax (Bi + B ) gy (t)dt — o0 (12)
0

to i=

Where Amax is the maximum value of the eigenvalue, and g; (t) are given by

go (1) =1

0y (t) = My (1)

g2 (t) =My (t)

g3(t) =My, (t)

g4 (t)=My3(t) (13)
g5 (1) =Mop(t)

g6 (1) =Mys(t)

g7 (t)=Myg(t)

gs (t) = M3(t)

Notice that:
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dM (t)

dCdt Mi(t) Myi(t) Mypy(t) Mas(t) Myy(t) Mas(t) Mys(t) Ms(t)
%) 0 -4 0 0 0 0 0 A

dt A
SO 0 0 0 0 o P n
dt ~ 21
dc, (1) s | C(1)
x| 0 0 0 s 0 0 0 2 len)
dCa() || g 0 0 0 - 0 o L |GV
dt * Al Cs(t)
dCs (t) 0 0 0 0 o 4 o B |G
dt AN
dCs (1) 0 0 0 0 0 0 e %
dNt(t) 1 0 0 0 0 0 0 0

dt

5 (14)
_dCM) _ g

=g =A(t)C(t)

To obtain the result of the equation system (14), first convert the system matrix function A(t) into the following equivalent
form:

A(t):ZS:Bigi (t) (15)

Where g; (t) for i=0,...,8 are functions given by Eq. (13), they satisfying g; (t) >0 for t >t;. And B; are constant
matrices given by:

o 0o 0o o o 0 ©0
o -4 0 0 0 0 0

(16)

(@)
(@)
o
(@)
(@)
o
|
0§>
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o
o
o
o
o
o

For the matrix Bg,g with elements by j =1 for j=1...8, for example:

1018 |P age



International Journal of Multidisciplinary Research and Growth Evaluation www.allmultidisciplinaryjournal.com

by j

17
; for j=3 (n

O O O O O o o o
O O O O O o o o
O O O O O o o o
O O O O O o o o
O O O O O o o o
O O O O oo o o o
O O O O O o o o

O O O O O o o

Thus, to satisfy Eq. (12) the maximum eigenvalues are:

:uo=ﬂ'max(BO+Bg)=o_

1. ,
5 ﬂl—/lmax(Bl‘*’BI):z,
. ~Amax (Bi +B ) =1 for i=2...8

Where o depends on the numerical values 4 and /A .

3.1. Asymptotically stable of ConfNPK-model
This section presents the methodology to determine whether ConfNPK-model solution is stable from the proposed function.

For solve the equivalent form of A(t) in Eq. (15), the Theorem 1 proposed by Chen and Yang (Chen and Yang, 2016) is used.
It says that the system of Egs. (14) with equivalent form of A(t) given in Eq. (15), is asymptotically stable if

j [ g+ 40 (1) +-+++ 11395 (1) | dt = —o0 (18)

)
where uj=/1max<B’;), BTsz(t)T+Bj(t), for j=0,1...,8 and with go(t)=1, gy(t)=My(t),

The following condition guarantees asymptotic stability

oc-2 P [1_( Pt” +~~-+1z)1t+ po)e_gtJ_l+'B+r‘af (t)a_1

6

St

i= dt = —o0 (19)

o +m( F;”t +((npn p”g‘lj +---+(2p2—2}}+p ZPJ

8

>

ct_
+i% g (Pot"+ +p1[t\+po)e A

From Eq. (19) are taken the following definitions for a subsequent analysis of the Eq (14),
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6 n ¢t
p.t"+L +pt+pyle ™ -
P(t)=c"¢ —2+Z/11- + ( " lA 0) , and (20)

i=1

PuL [1—(pnt” +ot Pyt po)e"@“t}—uﬂ

Tt)=0-2 X +
PuL|_ Pnyn R _P _Po |t
A[ gt Jr((npn . jt + +(2p2 g}tjtpl gje (21)
6 6
DS
i=1 i=1

In this way Eq. (19) is divided into two integrals: one of them is an integral that factorizes the terms multiplied by ,—« ¢ (t)ﬂ,
and another integral that groups the rest of the terms. Then the Eq. (19) remains as:

o0 0

¢ I P(t) f (t)““1 dt + _[ T (t)dt = - (22)

) to

Some possibilities to fulfill the condition given by Eq. (22) are presented below:
1. If the following condition is satisfying:

6 6
G—Z(P'\“-_TMJ—ZAZJFZ%’&<O (23)
i=1 i=1

It is possible to satisfy the condition (22) taking f (t) =7 0<a, 0< ¢, or f (t) =7%%  with a>1 and
a €(0,1), when t — oo . Note that condition (23) does not depend on the reactivityp(t).

In the case when p(t) isaconstant Py the inequality (23) is now

6 6
U—Z(PNL(l_?f)_l+ﬂJ_Zli2+Z%ﬂi<o 24)
i1 i1

Where ¢ =0 and the same previous definitions (20) and (21).
2. In the case when

6 6
0—2(WJ—Z£+Z%>O (25)
i=1 i=1

It is possible to satisfy the condition (22) taking f (t) =7e® 0<a< S, oor f (t) =@ ,with @>0 and a € (0,1)
6 .. « @

and _2+Zﬂ1' —%<0’ when t — oo. Note that condition (25) does not depend on the reactivity p(t)-
i=1

In the case when p(t) is a constant p, the inequality (25) is now

1020|P age



International Journal of Multidisciplinary Research and Growth Evaluation www.allmultidisciplinaryjournal.com

oo Pue (1-po)-1+8)
A

6 6
4 yh +Z%>O (26)

i=1

Where ¢ =0, with _2+26:/11_ _( Po —,Bj<0 the condition when ¢ =0 and the same previous definitions (20) and (21).
A
i=1

3.2. Instability of ConfNPK-model
On the other hand, to know if the system is Unstable, the following condition established by Wu's Theorem 2 (Wu, 1982)

guarantees instability for any t > 1

o0

Jtr A(t)dt > o0 27)
)

The above condition (27) is true, if the following condition is satisfied.

% PuL [1—(pnt”+-~+ pit + po)e_gt}—ljtﬂ . 6
—I i +r ()T + 221 dt — o0 (28)
to i=1
It is possible to meet this condition (28) by taking:
( 1 P -1t8 N
f(t)" " dt—>0andz =N/ _ 29
I (1) and Z - +ZI:/11 <0 (29)
to i=

Which is achieved for example with f (t) =7ze®, with £ >0, a<0. Also taking f (t) = 7722 gnd with a > 1,
a €(0,1), when t — oo. Note that condition (29) does not depend on the reactivityp(t).

In the case when p(t) is a constant Py the inequality (29) is now

A .
i=1

% 6
j f (t)a_1 dt >0andz = Pue (1_ po)—1+,8 +Zﬂ1- <0 (30)
ty

Where ¢ =0 and the same previous condition (30). It is clear, that more cases are possible.

4. Numerical simulation considering six-groups delayed neutron

The behavior of the neutron density is studied in two cases: abrupt change of reactivity and start-up dynamics of a PWR reactor,
in both cases the reactivity insertion is constant. To determine if the solution obtained with the ConfNPK-model is stable, the
methodology developed in this work is applied. Two functions are selected to solve this model:

Functioni) f (t) = e, (31)

f(t)=7"%2,

Function ii) (32)

Where the system (6) is solved using the finite difference numerical method in implicit scheme (Chapra and Canale, 2009). The
physic parameters used to numerical simulation are presented in Table 1.
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Table 1: Physical parameters (Hamada, 2017) [*6],

Parameter Value Units
D 0.0921 cm?st
v 2200 m/s
r=3D/v 1.256x10°* s
a O<ax<l —
PuL 0.975 —

4.1. Abrupt reactivity changes
Considers the case of step reactivity value at t =0 a constant change. The experiments consider the insertion of reactivity step
£ =0.002 to perturb the system. The neutron density behavior is studied by using the values of the anomalous diffusion

coefficient & =0.99, 0.98,0.97,0.95,0.93,0.91,0.90, A =0.00005s and for the decay constant of delayed neutron precursor

/; and the total fraction of delayed neutron /3 used in this work are presented in Table 2.

Table 2: Neutron delayed fractions and decay constants, for six precursor group parameters (Chao and Attard, 1985; Hamada, 2015;
Nobrega, 1971) 71,

i 2i (s Bi

1 0.0124 0.00021
2 0.0305 0.00141
3 0.1110 0.00127
4 0.3010 0.00255
5 1.1300 0.00074
6 3.0000 0.00027

The initial equilibrium conditions for neutron density is Ny =1 and for six-group of delayed neutrons density are
Cio=ABno/A% .
With reactivity value p =0.002, the Figure 1 and 2 present the results using the functions f (t)=ze® and f(t)=7"2t?,

repectively, both with @ =1. It can see, all cases the behavior of neutron density diverge. In both cases, it can be seen that the
value of the anomalous diffusion coefficient has no effect on the behavior of the precursors delayed neutron density (Figures

1b and 2b).
—_—a=0.10 =——a=0.30
- 19 | = 0 i T E‘ 8000
3 84 ——a=090 ——a=095 2 |
[ —— =099 Classical 5 GO
A 6- "
é 4 z 4000 -
3 3]
2 5] £ 2000
O T T T T T 1 0 1 1 I T 1 N 1
6 5 10 15 20 25 30 3§ 0 5 10 15 20 25 30 35
Time (s) Time (s)
A B

Fig 1: a) Neutron density and b) Precursor density behavior; both using ConfNPK-model for using six-groups of delayed precursors density.
For different anomalous diffusion constant ¢ =0.10 to 0.99, with constant reactivity value o =0.002 and f (t)= e with a=1.
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6 [ N 5000 - Group
& 1 44‘ //w\"_’;}’_-e\—“ 2 Ist 2nd 3rd
Z . 12 { /&/ Z 4000 - 4th 5th 6th
= 12 5]
8 411/ Q3000 -
g 3 ‘105: 5.02 g
g » —— =090 —a=091[2 2000
D | =]
L) —a=093 ——a=095||o
& 1+ — =097 —— =098 ;*:’ 1000
0 ‘ , = ? =0.99 — Classicz}l 0 ‘ K : :
0 5 10 15 20 25 0 5 10 15 20 25
Time (s) Time (s)
A B

Fig 2: a) Neutron density and b) Precursor density behavior; both using ConfNPK-model for using six-groups of delayed precursors density.
For different anomalous diffusion constant ¢ =0.90 to 0.99, with constant reactivity value ,=0.002 and f (t) = 7733 with a =1.

Now, the Figure 2a shows a zoom to see the neutron density behavior around 5 s using f(t)zfl-ata. As the value of the
anomalous diffusion coefficient decreases, the curves move away from the solution of the Classical-model.

4.1.1. Analysis of stability behavior based in the results
Based on Theorem 1 and the Tables 1 and 2, we cannot conclude an asymptotic stable dynamic. The Eq. (26) is positive

6 6
o Pu(l- E’\o)—“ﬂ _Z pr +Z% [ 2536.4>0 (33)
i=1 i=1

But the following inequality, makes impossible conclude asymptotic stability of the Theorem 1

6
—2+Z,11. —(%T_ﬂj=102.58>0 (34)
i=1

Similarly, of the Tables 2, with values given in Tables 3, 4, presented by the authors Kinard and Allen (Kinard and Allen, 2004)
and Quintero-Leyva (Quintero-Leyva, 2008), respectively, we cannot conclude an asymptotic stable dynamic. Notice that the

last result is independent of the value of &

Table 3: Neutron delayed fractions and decay constants, for six precursor group parameters (Kinard and Allen, 2004).

i Ji (s Bi

1 0.0127 0.000266
2 0.0317 0.001491
3 0.1150 0.001316
4 0.3110 0.002849
5 1.400 0.000896
6 3.8700 0.000182

Table 4: Neutron delayed fractions and decay constants, for six precursor group parameters (Quintero-Leyva, 2008).

i 2i (s pi

1 0.0124 0.000215
2 0.0305 0.001424
3 0.1110 0.001274
4 0.3010 0.002568
5 1.1400 0.000748
6 3.0100 0.000273

Now, based on Theorem 2 and with the values present in Tables 1 to 4, in the following three cases we have an unstable
dynamic.
Taking p =0.002 and the Table 1 with either f (t)=ret Or f(t)= 75t75 with ¢ =0.5.

Using the Table 2 and inequality (30), we obtain
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6
7 - Pu (- 5’\0)_1+ﬂ+24 ~89051>0 )
i=1

Using the Table 3 and inequality of Eqg. (30), we obtain

6
5 _ P (- ?\0)—1+ﬂ+24 =876.09>0 <o
i=1

Using the Table 4 and inequality of Eq. (30), we obtain

6
S _ Pa (1- ZO)—“:B +Zj1. =888.93>0 0
i=1

4.2. Dynamics of start-up of PWR nuclear reactor

The case of neutron multiplication during start-up of PWR, is a process where is assumed that during the ! -th step of control
rod withdrawal the way of reactivity insertion is step, the neutron source strength was defines as a constant in terms of a known
initial stable sub-criticality and the neutron signal from a steady state condition (Duderstadt and Hamilton, 1976; Espinosa-
Paredes and Polo-Labarrios, 2012; Li et al., 2010).

The representative FNPK-model for this case correspond with Eq. (1), with six-group of neutrons delayed precursors and
considering an external source g, is represented by:

Taf(t)l_adzdl\tlz(t)+r“f(t)1_a PNL[l—p/Et)]—le,B dl\(ljft)
L (1) Py N (1) dp(1) JINE) _p()-8 () (38)
A dt dt A

Lt (t 1‘“26:z1dc' Z,uc

where ( is the strength neutron source density emitted per second. When the rector power is reaches steady-state, all time

derivatives are equal to zero, so Oy is a subcritical reactivity initial value.
The nuclear parameters used in this case the values from Table 3 are used for 4 and B, A=10"s and

q =1x10% neutrons/ mSs, they correspond to a PWR with 235U as fissile material (Li et al., 2010). It is assumed that, before
the sudden change in reactivity occurred at t, =0, the initial count of neutron detector is equal to the initial value of neutron
density (n,). Then the initial sub-critical value is p, =—100mk , itis used to obtain the initial value to density and delayed neutron
precursor density from p, =—qA/n, and C, = An, /A, respectively. When withdraw control rod at different time the sub-critical
values added are presented in Table 5.

Table 5: Sub-critical values added when withdraw the control rod.

Time (s) Reactivity (mk)
t1=0 p1=-10.00

t2 =100 p2=-5.00

t3 =200 p3 =-2.50

tsa = 305 pa=-1.25

ts = 425 p5=-1.00

te = 605 pe =-0.75

The results using the Eq. (38) are shown in Figures 3, it presented both neutron density and delayed precursors density behaviors,
using different anomalous diffusion coefficient values (a = 0.795 to 0.990) and with f(t):,Mra with a=1: also, different

zooms to show the behavior of the neutron density obtained when reactivity perturbations is inserted are presented. In this case
the first function, f (t)= re~@ have not any effect on neutron density behavior during start-up nuclear reactor, even neither the
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anomalous diffusion coefficient value. It means, the function selected neutralized the anomalous diffusion coefficient effect on
neutron density behavior.

” <100 @=0.795 —— a=0.800 —— a=0.850) 6 x10° e —
" ——a=0900 ——a=0950 ——a=0.990 > 1st 2nd 3rd
= —— Classical g 5 ] 4th Sth 6th
5 ‘ ] 4
9 2 3
S 2
5 4 100.00 °100.01 100.02 100.03 E 2 7
Q 3| 3 4
F 2] £ 1 -

0 : : : 4 0 : \ :

0 200 400 600 800] 0 200 400 600 800)
Time (s) Time (s)
A B

Fig 3: Neutron density behavior after inserting step reactivity into a sub-critical core. Using ConfNPK-model for six grups of delayed
precursor neutrons, for different anomalous diffusion coefficient values & = 0.795t0 0.990 and f (t) = %2 with a=1: a) Neutron
density behavior in full range of the simulation time: its shown a zoom in the simulation range from 100 s to 100.04 s; and a zoom in the

simulation range from 605 s to 605.4 s. b) Delayed precursors density behavior in full range of the simulation time, for all anomalous
diffusion coefficient values.

4.2.1. Analysis of stability behavior based in the results

To determinate the dynamics of start-up of PWR nuclear reactor for stability behavior based in the results, in the Table 6 we use
Theorem 1 criteria 1) inequality (24), for the first three columns. In the fourth column we use criterion 2) of Theorem 1
inequality (26).

Table 6: Stability for function f (t) = re~a with the values of the Tables 2 to 4.

Reactivity (mk) Table 2 Table 3 Table 4
p1=-10.00 Stable Stable Stable
p2=-5.00 Stable Stable Stable
p3=-2.50 Stable Stable Stable
pa=-1.25 Stable Stable Stable
p5 =-1.00 Stable Stable Stable
pe =-0.75 Stable Stable Stable

It can see that the neutron density behavior calculated by ConfNPK-model with six-groups of delayed neutrons are agrees with
Classical-models results. The results shown, Figure 3, that at time of the sub-critical values is added, when withdraw the control
rod, the neutron density present a oscillatory behavior, whose duration increase in each time. Also, the oscillation increases when
the anomalous diffusion coefficient decreases. For anomalous diffusion coefficient value less than 0.795, the ConfNPK-model
solution is unstable.

Recently, Polo-Labarriosa et. al. (Polo-Labarrios et al., 2022) and Fernandez-Anaya et. al. (Ferndndez-Anaya et al., 2021)
developed both analytical-numerical solution and ConfNPK-model, respectively. Their results, obtained with other methods,
are agreed with obtained in this work. In the first work the authors found the numerical simulations describe inertia effects
observed as a growth in neutron density up to reaching a peak and then a gradual decrease followed by a series of oscillations
until reaching a steady state. This behavior is accentuated as the fractional order decreases. While, in second work the authors

found that in ConfNPK-model results an oscillatory behavior is observed, the authors mention that this depending in both & —
differentiable function and anomalous diffusion value used in the solution.

5. Conclusion

In this work the conformable model, obtained from the fractional model considering the concept of fractional order local
derivative, was extended to consider groups of delayed neutrons, specifically six. That model was called conformable neutron
point kinetic model, i.e., ConfNPK-model.

A methodology to determine the stability of the solution obtained from the ConfNPK-model was developed and tested for two
transient cases of study: abrupt change of reactivity and start-up dynamics of a PWR, where the inserting reactivity is a linear
through the reactor start-up time and a constant after that. In both cases two different functions were used and the value of the
anomalous diffusion coefficient was varied. The stability analysis shows that with both functions the start-up dynamics of the
PWR is stable.

Additionally, a comparison of the ConfNPK-model and Classical-model results is performed to show the effect of the anomalous
diffusion coefficient. The comparison shows that the results of both models are equivalent, except in small regions where the
ConfNPK-model results show small oscillations with respect to the Classical-model results. These oscillations increase in
amplitude and duration as the value of the anomalous diffusion coefficient decreases.

1025|P age



International Journal of Multidisciplinary Research and Growth Evaluation www.allmultidisciplinaryjournal.com

6. References

1.

2.

ISE S

®©

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24,

25.

26.

217.

28.

29.

30.
3L

32.

33.

34.

Aboanber AE, Nahla AA. Comment on the paper: Espinosa-paredes, et al., 2011. fractional neutron point kinetics equations
for nuclear reactor dynamics. ann. nucl. energy 38, 307—-330. Ann. Nucl. Energy 2016; 88:307-330.

Altahhan MR, Nagy MS, Abou-Gabal HH, Aboanber AE. Formulation of a point kinetics model based on the neutron
telegraph equation. Ann. Nucl. Energy 2016; 91:176-188.

Cézares-Ramirez RI, Vyawahare VA, Espinosa-Paredes G, Nataraj PSV. On the feedback stability of linear FNPK
equations. Prog. Nucl. Energy 2017; 98:45-58. https://doi.org/10.1016/j.pnucene.2017.02.007

Chao YA, Attard A. A resolution of the stiffness problem of reactor kinetics. Nucl. Sci. Eng. 1985; 90:40-46.

Chapra SC, Canale RP. Numerical Methods for Engineers, 6th ed. McGraw-Hill Science/Engineering/Math; 2009.

Chen G, Yang Y. New stability conditions for a class of linear time-varying systems. Automatica 2016; 71:342-347.
https://doi.org/10.1016/j.automatica.2016.05.005

Das S, Mukherjee S, Das S, Pan I, Gupta A. Continuous order identification of PHWR models under step-back for the
design of hyper-damped power tracking controller with enhanced reactor safety. Nucl. Eng. Des. 2013; 257:109-127.
Duderstadt JJ, Hamilton LJ. Nuclear Reactor Analysis. Jhon Wiley and Sons; 1976.

Edwards JT, Ford NJ, Simpson AC. The numerical solution of linear multiterm fractional differential equations. J. Comput.
Appl. Math. 2002; 148:401-418.

Espinosa-Paredes G, Cézares-Ramirez RI. Source term in the linear analysis of FNPK equations. Ann. Nucl. Energy 2016;
96:432-440. https://doi.org/10.1016/j.anucene.2016.06.038

Espinosa-Paredes G, Cazares-Ramirez RI, Francois JL, Martin-del-Campo C. On the stability of fractional neutron point
kinetics (FNPK). Appl. Math. Model. 2017; 45:505-515.

Espinosa-Paredes G, Morales-Sandoval JB, Vazquez-Rodriguez R, Espinosa-Martinez EG. Constitutive laws for the
neutron density current. Ann. Nucl. Energy 2008; 35:1963-1967. https://doi.org/10.1016/j.anucene.2008.05.002
Espinosa-Paredes G, Polo-Labarrios MA. Time-Fractional telegrapher’s equation (P1) approximation for the transport
equation. Nucl. Sci. Eng. 2012; 171:258-264.

Espinosa-Paredes G, Polo-Labarrios MA, Espinosa-Martinez EG, Del Valle-Gallegos E. Fractional neutron point kinetics
equations for nuclear reactor dynamics. Ann. Nucl. Energy 2011; 38:307-330.

Fernandez-Anaya G, Quezada-Garcia S, Polo-Labarrios MA, Quezada-Téllez LA. Novel solution to the fractional neutron
point  kinetic equation using conformable derivatives. Ann. Nucl. Energy 2021; 160:108407.
https://doi.org/10.1016/J.ANUCENE.2021.108407

Hamada YM. Modified fractional neutron point kinetics equations for finite and infinite medium of bar reactor core. Ann.
Nucl. Energy 2017; 106:118-126.

Hamada Y M. Trigonometric Fourier-series solutions of the point reactor kinetics equations. Nucl. Eng. Des. 2015; 281:142—
153.

Khalil R, Al Horani M, Yousef A, Sababheh M. A new definition of fractional derivative. J. Comput. Appl. Math. 2014;
264:65-70. https://doi.org/10.1016/J.CAM.2014.01.002

Kinard M, Allen EJ. Efficient numerical solution of the point kinetics equations in nuclear reactor dynamics. Ann. Nucl.
Energy 2004; 31:1039-1051. https://doi.org/10.1016/j.anucene.2003.12.008

Li H, Chen W, Zhang F, Chen Z. A new formula of neutron multiplication during startup of PWR. Prog. Nucl. Energy 2010;
52:321-326.

Nahla AA, Hemeda A. Picard iteration and Padé approximations for stiff fractional point kinetics equations. Appl. Math.
Comput. 2017; 293:72-80.

Nobrega J. A new solution of the point kinetics equations. Nucl. Sci. Eng. 1971; 46:366—375.

Nowak TK, Duzinkiewicz K, Piotrowski R. Numerical solution analysis of fractional point kinetics and heat exchange in
nuclear reactor. Nucl. Eng. Des. 2015; 281.

Nowak TK, Duzinkiewicz K, Piotrowski R. Fractional neutron point kinetics equations for nuclear reactor dynamics —
numerical solution investigations. Ann. Nucl. Energy 2014a; 73:317-329.

Nowak TK, Duzinkiewicz K, Piotrowski R. Numerical solution of fractional neutron point kinetics model in nuclear reactor.
Arch. Control Sci. 2014b; 24:129-154.

Patra A, Saha Ray S. On the solution of the nonlinear fractional neutron pointkinetics equations with newtonian temperature
feedback reactivity. Nucl. Technol. 2015; 189:103-1009.

Polo-Labarrios MA, Godinez FA, Quezada-Garcia S. Numerical-analytical solutions of the fractional point kinetic model
with Caputo derivatives. Ann. Nucl. Energy 2022; 166:108745. https://doi.org/10.1016/J.ANUCENE.2021.108745
Polo-Labarrios MA, Quezada-Garcia S, Espinosa-Paredes G, Franco-Pérez L, Ortiz-Villafuerte J. Novel numerical solution
to the fractional neutron point kinetic equation in nuclear reactor dynamics. Ann. Nucl. Energy 2020; 137:107173.
Quintero-Leyva B. CORE: A numerical algorithm to solve the point kinetics equations. Ann. Nucl. Energy 2008; 35:2136—
2138. https://doi.org/10.1016/j.anucene.2008.07.002

Ray SS. Fractional calculus with applications for nuclear reactor dynamics. CRC press; 2015.

Ray SS, Patra A. Numerical solution of fractional stochastic neutron point kinetic equation for nuclear reactor dynamics.
Ann. Nucl. Energy 2013; 54:154-161.

Ray SS, Patra A. An explicit finite difference scheme for numerical solution of fractional neutron point kinetic equation.
Ann. Nucl. Energy 2012; 41:61-66.

Roul P, Madduri H, Obaidurrahman K. An implicit finite difference method for solving the corrected fractional neutron
point kinetics equations. Prog. Nucl. Energy 2019; 114:234-247.

Schramm M, Petersen CZ, Vilhena MT, Bodmann BEJ, Alvim ACM. On the fractional neutron point Kinetics equations.

1026 |P age



International Journal of Multidisciplinary Research and Growth Evaluation www.allmultidisciplinaryjournal.com

In: Integral Methods in Science and Engineering. Springer, New York; 2013.

35. Vishwesh AV, Nataraj PSV, Espinosa-Paredes G, Cazares-Ramirez R1. Nuclear reactor with subdiffusive neutron transport:
Development of linear fractional-order models. Int. J. Dyn. Control 2017; 5:1182—-1200.

36. Vyawahare VA, Espinosa-Paredes G. BWR stability analysis with sub-diffusive and feedback effects. Ann. Nucl. Energy
2017; 110:349-361. https://doi.org/10.1016/J.ANUCENE.2017.06.059

37. Vyawahare VA, Espinosa-Paredes G, Datkhile G, Kadam P. Artificial neural network approximations of linear fractional
neutron models. Ann. Nucl. Energy 2018; 113:75-88. https://doi.org/10.1016/J. ANUCENE.2017.11.005

38. Vyawahare VA, Nataraj PSV. Development and analysis of some versions of the fractional-order point reactor kinetics
model for a nuclear reactor with slab geometry. Commun. Nonlinear Sci. Numer. Simul. 2008; 18:1840-1856.

39. Vyawahare VA, Nataraj PSV. Fractional-order modeling of neutron transport in a nuclear reactor. Appl. Math. Model.
2013a; 37:9747-9767.

40. Vyawahare VA, Espinosa-Paredes G. On the stability of linear fractional-space neutron point kinetics (F-SNPK) models for
nuclear reactor dynamics. Ann. Nucl. Energy 2018; 111:12-21.

41. Wu M. On stability of linear time-varying systems, in: 1982 21st IEEE Conference on Decision and Control. IEEE; 1982.
https://doi.org/10.1109/CDC.1982.268347

1027|P age



