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Introduction

Currently, the six-degree-of-freedom parallel motion system is applied in many fields such as semi-realistic simulation,
stabilization and balancing system. A small field of 6-degree-of-freedom parallel motion systems is applied to AEOS to capture
satellites. This mechanism is implemented by synchronous motion control of six linear actuators, so it has many advantages in
terms of accuracy, rigidity, and load-bearing capacity ?. However, publications on kinematic problems in this application are
few. According to the conventional method to solve the kinematic problem, we have to find the rotation transformation matrix
on real coordinate systems. Previous publications often use it directly without providing an explicit method to determine the
rotation transformation matrix (351, The research content of the article presents in detail how to set up the rotation transformation
matrix according to the conventional method on the real coordinate system. On that basis, a new approach is proposed to the
inverse kinematic problem for AEOS through the use of virtual coordinate systems.

Methodology

A. Parallel motion systems with 6 degrees of freedom and inverse kinematic problems for AEOS using the conventional
method

1. Parallel motion systems with 6 degrees of freedom

The 6 degrees of freedom parallel motion system, also known as the SGP 6-dof parallel robot, is normally composed of a base

plate (base platform - B), an upper plate (moving platform - P) and 6 driving legs %,
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Fig 1: The structure of parallel robot

These driving legs are linked together by a translational joint - prismatic, so their length can be changed and linked to two planes
through ball joints at the ends of each leg. The joints between the leg with the base plane and the moving plane are arranged as
shown in Figure 1.

The symmetrical SGP 6DOF parallel robot has joints located on the base plane or moving plane arranged in symmetrical pairs
and belonged to two circles M. Thanks to that, the geometric representation of the base plane and the moving plane can be simply
expressed by the following 4 variables:

- 15, 7p: Radius of circle created by joints on the base plane, and on the moving plane.

- ag, ap: Angle created by the symmetrical joint pair on the base plane, and on the moving plane.

Fig 2: Arrangement of the B;and P; joints on the base plane and moving plane

2. Inverse kinematic problems for azimuth and elevation observation systems using the conventional method

To calculate inverse kinematic for the AEOS according to the conventional method, we need to find the transformation matrix
from the new coordinate system after rotating the direction angle by an angle g and the elevation angle by an angle z to the
original coordinate system, then establish the equation of motion of the system. So first, we need to set up the coordinate system
for them. In the 6-degree-of-freedom parallel motion system, the coordinate system includes a fixed coordinate system attached
to the base platform, and a moving coordinate system attached to the moving platform [ €. The layout of the X, Y coordinate
system is shown in Figure 2 and the Z axis is the vertical axis, parallel to the gravity vector. The fixed coordinate system is
denoted as {B} with the center as Og, and the coordinate system of the moving platform is denoted as {P} with the center as Oe.
The coordinate system of the driving legs of a parallel robot is a set of length variables. For SGP 6DOF - parallel robot, it is
composed of 6 sliding joints. Written as a vector in joint space, we have:

L=[l1 Iz 13 14 15 1] @

The inverse kinematic problem is to find the length vector L; from the given end-effector coordinate g. The coordinate vector of
the joints on the base plane {B} and the coordinate vector of the joints on the moving plane {P}:

rgcos(@;)]  [Bix 0 = (i_;)” - “73 with i=1,3,5;
B, = |msin(py) | = |Bwy o @
0 B, @; = @;_1 + ap with i=2,4,6;
rpcos(6;) —Ilzix 0; = (i_;)” + “2—” with i=1,3,5;
P = Trsin(@0) | = | 6; = 0;1 + 5 — ap With i=2,4,6; ©
| Uiz
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Fig 3: Position of the moving platform after rotating an azimuth angle 4 and an elevation angle .

Normally, to solve the problem of inverse kinematic for a hexapod system, a transformation matrix from 3 rotation angles, roll,
pitch, yaw [ is calculated. However, due to the limitation of the yaw angle of the moving platform (rotation angle around the Z
axis), it is not possible to rotate a full 360 degree like the azimuth angle of the target, so to rotate the hexapod system with an
azimuth angle $ and an elevation angle z, we need to perform a direct rotation around vector i (on the plane 0p,X,Y, and offset
by an angle B from the OpZp axis) by an angle z as shown in Figure 3. To find the transformation matrix of this rotation, we
perform the following basic rotations:

+ First, we rotate around the O,Zp axis by an angle  to bring the 0,Y, axis of the O,X,Y, coordinate system coincident with
the vector .

+ Rotate around the 0,Y, axis at an angle z so that the moving platform of the motion system tilts relative to the original
coordinate system at an angle of about 7.

+ Rotate around the Z axis at an angle -p to change the QY axis to position OY".

Therefore, the rotation transformation matrix is calculated as:

s?B 4+ c?Bect  cPBsPct — cBsB cPst
Ry = Rz(B).Ry(7).Rz(=B) = |cBsPct — cfsp  c?B+s?fct  sPst 4

—cfist —Ssfst cT

Formula (4) is the rotation transformation matrix of the 6-degree-of-freedom parallel motion system for the AEOS. This formula
is completely consistent with previous studies [ 3 1. However, this rotation transformation matrix is a trigonometric matrix with
complex components. The article offers a different approach to the components of a simpler rotation transformation matrix
through the use of virtual coordinate systems.

B. Solving inverse kinematic problem using virtual coordinate systems

1. Positional inverse kinematic problem

To solve the inverse kinematic problem of a 6-degree-of-freedom motion system applied to the AEOS, we use the virtual
coordinate system OpXp,YpaZp, On the plane of the moving plate with the 0,Zp, axis coinciding with the 0,7, axis, and the
0pXp4, 0pYp, axes are respectively offset by an angle f compared to the 0pXp, OpYp axes. The virtual coordinate system
OpXgaYsaZga On the base plate has corresponding axes parallel to the axes of the OpXp,Yp4Zp4 COOrdinate system as shown in
Figure 4.

Then, the transformations are calculated on the virtual coordinate system. To do this, we need to follow these 2 steps:
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Fig 4: Position of the moving platform after rotating an azimuth angle £ and an elevation angle .

Step 1: Find the coordinates of the joints on virtual coordinate system.
Because the 05 X4, O5Yg,4 axes of the virtual coordinate system O Xp,Ys4Z5,4 are respectively offset by an angle 5 compared
to the Og Xy, OgYy axes, the position of the joints By; relative to the virtual coordinate system is calculated as:

rgcos(p; — B) Baix
By = |rgsin(p; — B) | = | Baiy (5)
0 BAiz
(i-1)m  ap . .
Where ¢; = ———— when i=1, 3, 5;

3 2
@; = Qi1 +ag wheni=24,6;

Similarly, position of the joints P,; relative to the virtual coordinate system is calculated as:

rpcos(8; — B) Paix
Py = |1psin(8; — B) | = |Paiy (6)
0 PAiz
(i-2)t  ap . .
Where 6; = e when i=1,3,5;
0, =0;_1 +=—ap when i=2,4,6;

3
Step 2: Perform rotation around the 0, Y4 axis of the virtual coordinate system by an angle z. Then:

cos(t) O sin(r)]
(7

RAT = RY (T) = [ 0 1 0
—sin(t) 0 cos(7)
Normally, with problems for the AEOS, we are only interested in the elevation angle z and the azimuth angle $ when considering

the center position of the base plate to be non-moving. To be more general, assume that the expected position of the end-effector
on the moving plate relative to the origin mounted on the base plate is represented by a vector:

P = [xq ¥4 zal" ®

Then:
Desired position of the moving plate relative to the virtual coordinate system is:

BPA =R;(—B).[xq ya zal" )

The vector that represent length of legs is determined by:
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L =P+ P - B, (10)
Considering the virtual coordinate system mounted on the base plate:

PLai = Rar " Pa; + Py — By (11)

The length of the driving leg of the SGP is determined as the Euclidean norm of L; as follows:

L =Ll = \/Laix + Laiy + Lagz 12)

Thus, using formulas (11), (12) we can calculate the length vector of the legs L;, the Euclidean norm [; if we know the position
and direction angles of the parallel motion system. With the use of virtual coordinate systems, we have a simpler approach to
the rotation transformation matrix through just a single rotation around the OY axis.

2. Inverse velocity problem and Jacobian matrix

The inverse velocity problem is the problem of finding a matrix (called the Jacobian) that transforms the velocity of the actuating
joints (actuator) to the velocity of the end-effector. For the parallel motion system applied to the AEOS, the used expression of
the Jacobian matrix is given as follows:

=)Lt (13)

Where: B (AN l'G)T is velocity vector of the legs,

- t=(%4 Y4 24, p,1) isvelocity vector of end-effector,
- Matrix =1 is the reverse transformation matrix from the end-effector to the driving
joints.

To solve the velocity problem, we introduce the concept of unit vector of the driving cylinder legs calculated in the virtual
coordinate system. This vector is denoted u,;, where i is the index of the corresponding leg. The vector wuy; is calculated as:

Uy; = Ll_/:i = (Uais Uayir Uazi); T =1,..,6 (14)
Thus, (11) can be written as:

Upi-li = Ryr - Py + BPA — By; (15)
Differentiating both sides of equation (15) with respect to time we get:

[jug; + lj Uy, = @ X Ryp * Py + Rap. By + 5Py — By, (16)

Because u; is a unit vector, then w;.u; = 1,u;.u; = 0. Thus, (16) become:

[; = PPyug + 0 X (Rag * Pag)-Ugi + Rar. Pag gy — Bag (17)
Where:

w=wy()=[010]".7 (18)
PPy == wz(B) X [Rz(=B)-[xa Ya 24]"1 + Rz(—B).[%a Va 2a]" (19)
Pai = Pii-B;  Bai = By s (20)

where P,; =

rpcos(6; — B) rgcos(¢; — B)
—rpsin(6; — B)l ; By = |—rgsin(e; — .3)]
0 0

Thus, (16) can be explicitly written as:

X4 X4
li = uy;. Rz (=P) |Va +< Rz (—=B)-|Ya |+ Rar-Ps; — Bp; | X uAi)-ez-ﬁ + ([Rar- Pai] X ug;)-€y. T (21)
Zg Zq

Or:
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[ua1- Rz(— ) ([Rz(—ﬁ)- PP + Ryr. Py — B;'u] X uAl)'ez ([Rar- Pa1l

Ugp- RZ(—P) ([Rz(—ﬁ)- PP + Ryr. Ps, — B,:lz] X qu)-ez (I ]

Uys- Rz(—P) ([Rz(_ﬂ)- fp+ Rar. Py — Bﬁs] X uAB)-ez (I Pys] ;1 g
B ! ’ .t _] .t (22)

Ugyg- RZ(—P) ([Rz(_ﬂ)- P+ Ryr. Pyy — BA4] X uA4)- e;  ([Rar- Pas] X Uss). €y

Uys- Rz(—P) ([Rz(_ﬂ)- fp+ Rar.Pss — Bﬁs] X uAS)-ez (I Pys]

[ uy6. Rz(—) ([Rz(_ﬂ)- fp+ Rar.Pae — Bﬁs] X uAG)- e;  ([Rar-Pacl

The Jacobian matrix /= is a 6x5 matrix with values u,,. Rz(—f) consisting of 3 components along the X, y, z axes. The matrix
J~1 has been explicitly determined by the authors as a single matrix, with the usual method the Jacobian matrix is determined as
the product of 2 matrices [,

C. Simulations

The research results were verified and simulated on Matlab with a 6-degree-of-freedom parallel robot system with the following
parameters:

- rg: Radius of circle created by joints on the base plate (=1.0m).

- rp: Radius of the circle created by the joints on the moving plate (=0.55m).

- o.and 0: Angles created by the symmetrical joint pair on the base plate and moving plate (=309).

- The moving plane height in the intermediate position is 1.378m, corresponding to the average length of the cylinder leg being
1.5m

The simulation process is performed with 2 cases:

+ Case 1: keep the elevation angle the same and change the azimuth angle

+ Case 2: keep the azimuth angle the same and change the elevation angle

Each case performs simulation with the conventional method (through lines with +, *, 0) and with the method using virtual
coordinate systems (through solid lines). Simulation results using both methods are shown on the same graph.

Results and Discussion

Figure 5, figure 6 are the position and velocity of the cylinder legs in case 1 when keeping the elevation angle about 20 degrees
constant, and changing the azimuth angle around the OZ axis with the equation g=¢ (t=0+2.x). In figure 5, cylinder legs 1,2,3
are shown; figure 6 shows cylinder legs 4,5,6.

Figure 7 describes the position and velocity of the cylinder legs in case 2 with a fixed azimuth angle at the initial position, and
changing the elevation angle around the OY axis with the equation z=20.sin(t) ( (t=0+2.x). When keeping the azimuth angle
constant and changing the elevation angle, the position and velocity of cylinder leg pairs 1, 2; 3, 6; and 4, 5 have the same
variation.

Cylinder positions[mm]
Velocity[mm/s]

O

I L L I
0 1 2 3 4 5 6

Time[s] "
Time[s]
a) Positions of the cylinder legs 1, 2, 3 b) Velocities of the cylinder legs 1, 2, 3

Position and velocity of the cylinder legs 1, 2, 3 when rotating azimuth angle g
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Fig 6: Position and velocity of the cylinder legs 4, 5, 6 when rotating azmuth angle g
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Fig 7: Position and velocity of the cylinder legs when rotating elevation angle -20%+ 20°

From the graph of the position and speed of the driving cylinder legs, we can see that using the virtual coordinate system method
gives us results that completely coincide with the conventional method when using less by one rotation transformation matrix.
Thereby demonstrating the correctness and the enhancement of the chosen method.

Conclusions

This article has presented a new approach to the problem of solving inverse kinematic for parallel motion systems with 6 degrees
of freedom applied to AEOS by using a virtual coordinate system. The simulation, comparison and evaluation results have shown
the correctness of the method. Using a virtual coordinate system gives us a simpler and more effective approach:

- In the position problem, with the use of virtual coordinate systems, the rotation transformation matrix only uses two rotations:
around the Y axis and around the Z axis. Meanwhile, with the conventional method, the final rotation transformation is the
product of 3 rotation matrices.

- In the velocity problem, with the use of virtual coordinate systems, the author has built an explicit formula for the Jacobian
matrix in the form of a single matrix. While with the conventional method, the Jacobian matrix is built as the product of two
matrices.

Therefore, this approach helps solve problems quickly, conveniently and consumes less computational resources than
conventional methods.
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