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1. Introduction
In this article we consider the following problem:
Show the existence and uniqueness of a weak solution of the following nonlinear Dirichlet problem:

Syst QES: ) :gi:}rg{r‘gzu(x), Du(x))) = v(x)
@

With appropriate assumptions about o, Vv, f et g.

Example 1 Example: p-Laplacien. The QES system can be generalized to the p-Laplace operator Ap:

o(x,u,Du) = |Au|""? Du

So the equation becomes
—div |Au/""2 Du = Aju

The QES system has been solved in different spaces
= Spaces with a fixed exponent, as in the work [,
»  Variable exponent spaces, as in the work €],

We are interested in the comparison of the two demonstrations. We start by introducing the functional spaces of Lebesgue and
Sobolev.

1. Functional spaces
In this part the study of functional spaces with fixed exponent is extracted from the Book [?]. On the other hand, the study of
variable exponent spaces is extracted from the book 1. We begin by introducing the following notations:

— P (Q) = {f: Q — R, measurable}

— PH(Q) = {p: Q —> [1.+o0).measurable}
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—Qp=Q1={x€eQ,px)=1}
—Qp=Q={xX€ Q:p(x) =0}
— Qpo=Qoo=QNQUQY)C

We note the spaces with fixed exponents
— Lebesgue Spaces Lp with p Rand1l p<
— Sobolev spaces W m,p with m 1p Rand1l p<

And the spaces with variable Exposures:
— Lebesgue Spaces Lp(x) with p: Q — [1.+00), measurable.
— Sobolev spaces W m,p(x) with m > | and p: Q — [1.+0), measurable.

Below is a table that summarizes the properties of Lebesgue spaces with a fixed exponent, denoted LP and that with a variable
exponent, denoted LP®,

Many properties of fixed-exponent spaces remain true in the variable-exponent case. We cite the existence of the conjugate
function, Young’s Inequality, generalized Holder’s Inequality, norm convergence and modular convergence. Also the
topological properties such as completeness and duality remain true by associating the appropriate injections in LP®),

The same applies to Sobolev’s spaces. The fixed-exponent spaces W ™P are defined by:

Table 1: Lebesgue spaces with fixed and variable exponents.

Lp Lp(x)
Modular _ associated with p(x) :
Functional pe(H) =12 |fp dx pp(D=]Q Q [fx)p(x) dx+ N (c ) oo essaosup |f X |
Norm Ifil = Tifip 1 Luxembourg norm
B Ifllopy =inf A>0:pp 4 <1,f
Soitp eR
Definition LP(Q={fEP (Q)tq Soit p € P*(Q). LPM(Q) = {f€ P (Q) tq I1> 0 : pp(Af) < +oo
lIilp < +oo

W m,p = {f € Lp(Q)such as Daf € Lp(Q), |o < m}
The associated norm is [Ifll= X lIDafll. Another known space is the one denoted W ™P- This is

Variable exponent Sobolev spaces W ™PX s defined by:
W MP(x) =,f € LP® (Q)such as Daf € LP*)(Q), |a| < m,

=
The normis: |[f| ()7 |D=F ( )-Finally we introduce W ™P() is the closure of C$°(Q) in the

m,p x lal <m [ m,p x 0

0==x

Space W ™P®)(Q). Similarly, several properties are easily transferred from spaces with fixed exposents to those with variable
exposents, such as injections into Sobolev spaces. We introduce the following definitions:

Definition 1 Une fonction o(x, u, F) is of Caratheodory if: x —— o(x, u, F) is measurable

V(u, F) € Rm x M mxn et (u, F) —— o(x, u, F) is continuous VX € Q.

Definition 2 The application F »— o(x, u, F) is said to be monotonic if

(o(x,u,F) —o(x,u,G)): (F-G)>0forall xe Q,ue RmetF, G € M mxn.

Definition 3 The application F »— o(x, u, F) is said to be strictly monotonic if (6(x, u, F) — o(x, u, G)): (F—G)=0drive to F =
G.

2. Convergence theorems
In spaces with a fixed exponent, the convergence theorem is extracted from 2. The second member of the system QES, v(X) is
found in W —1% (Q, R™). Recall that:

—divo(x,u,Du) = v(x) inQ
u = 0 ondQ @)

where v traverses the dual space W —% (Q, R™) of W 1,/(Q, R™) and & checks the following conditions for a certain p € (0, o):
Hypothesis 1 Continuity: 6: Q x R™ x M ™" —— M ™x" js a Caratheodory function, see definition 1.
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Hypothesis 2 Growth and coercivity @ It exists ¢; =20, c2 =0, A1 € L"D(Q), A € Ll(Q), O<a<p A3€
L2 (Q)and 0<B _ 2 (p _1)suchas:
Zlp

lo(x,u, F)| = A1(x) +c1(|u|6 +|F|”71)

o(x,u,F) 1 F = —As(x) — Aa(x) lu]® +c2 |F|”

Hypothesis 3 Monotony: o satisfies one of the following conditions:

1. Forall x € Q and all u € Rm, the application F >— o(x, u, F) is of C! and is monotonous, see definition 2.

2. itexista function W : Q x Rm x M ™" — R such as o(x, u, F) = 0W (x, u, F) and F »— W (x, u, F) is convex and C*. oF
3. Forall x € Q and all u € Rm, the application F »— o(x, u, F) is strictly monotonous, see definition3.

4. o(x, u, F) is strictly p-quasi-monotonic in F.

Definition 4 Definition of weak solution: It is said that u: Q — R"is a weak solution of u € W 1,p(Q, R™ under the hypothesis
1-3.

{ —diva(z,u, Du) +b(z,u, Du) v(x) in Q

u = 0 on J§) 3)

Where v traverses the dual space W —1,pj (€, Rm) of W 1,p(Q2, Rm),if
1uisinW(Q, R™

2.a(., u(.), Du(.)) is i LY(Q, M ™)

3. b(,, u(.), Du())) is in LY(Q, R™)

4. I’ation

J I
o a(x,u(x),Du(x)) : Dp(x)dx + R b(x, u(x), Du(x)).q(x)dx =< v, ¢ >

is true for any ¢ in CZ(Q,R™)
Theorem 2: If ¢ satisfies the assumptions 1 - 3 so the Dirichlet problem (QES) has a weak solution u €

WO01,p(€2,Rm) for all f € W —1,p(Q,Rm).
Example 3 Example : p-Laplacien. the p-Laplace operator Ap :

o(z,u, Du) = |Au[P~2 Du
So the equation becomes
~div|Au|P~2 Du = Ayu

The assumptions 1 - 3 are satisfied with in (b) W (x,u,F ) = p1 |F|p. The p-Laplace operator is uniformly monotonic and has more
general properties than the functions satisfying the hypotheses 1 - 3.

Example 4 Example: the potential W(x,u,F) is convex. We consider the corresponding elliptic problem QES : o(x,u,F ) = 00WF
(x,u,F ). each simple method is treated differently ; the problem arises at the level of the gradients of the approximate solutions.

In their article 2, F. Augsburger et N. Hungerbuhler use the Galerkin approximation. They fix a sequence of nested vector
subspaces such that their meeting is dense in W01,p(©2,Rm). Then they write the variational formulation. After multiplying by
a test function w de WO1,p(€2,Rm), we integrate on Q, we apply the Stokes formula, and we obtain the following variational

formulation:
fﬂcr(:tr.-u[;r).D-u(;r}) :Dwdr = < fw> @
The problem becomes: find a zero of the operator F thus defines:
{ F: WiP@Q) — w-tr(Q)
u —~  (wrr [o(e,u(z), Du(z)) : Dwde— < f,w>) 5)
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Tools for the proof of the theorem 2

Properties of F

= F (u) is well defined; thanks to the growth in the hypothesis 2.

= Fislinear

= Fis bounded; thanks to the growth in the hypothesis 2.

= The restriction of F to a finite-dimensional vector subspace of W01,p(Q,Rm) is continous ; thanks to the assumptions 1 and
2.

The operator G
Let k be fixed, Vk a vector subspace of dimension r admitting for base : ¢1,...,¢r,the discrete projection operator of F is defined
on Vk:

{ G: R — R" _
(a*) = (< F(dpj),pi>) ©)
Properties of G

= G iscontinuous.
= The coercivity in the hypothesis 1 asserts,

G(a).a = (F(u),u) — oo when ||a|pn — o0
Thus, there exists R > 0 such that
Va € dBR(0) CR"
Hence
Gla).a>=0
By a topology argument G(x) = 0 has a solution in BR (0). Therefore, for any Kk, it exists uk € Vk such that
< Fug),v>=0, Yv eV}

Stages of the demonstration
= according to the assertion of coercivity in the hypothesis 1,

3R > 0 checking < F(u),u>>1 when |ju R

||1.1.-'[§-P{Q] >
= following Galerkin’s approximations uk € Vk is uniformly bounded:

||-u_z;||I_i__.[;_p{m < R for all k

= We can extract a sub-sequence; denoted also uk; such that uk — u is in W01,p(€2), converges weakly in measurement and
in Ls(Q), Vs < px.

=  The sequence of gradients Duk generates the Young measure vx

= Asuk converges to u then (uk,Duk) generates the Young measure du(x) @ vx

*  Forall x € Q, vx is a probability measure. You can check out its properties in the article 12,

The limit
The proof of the theorem has 4 sub-cases which depend on the hypothesis 3.

Casiv

= We show by the absurd that the constructed Young measure is a Dirac measure p.p X € Q: vx = dDu(x).
= = Duk — Du in measure when k — oo,

= = o(x,uk,Duk) — o(x,u,Du) p.p.

*  Vitali’s theorem. see the hypotheses of the theorem in the article [2,

= o(x,ug, Dug) — oz, u, Du)
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InL1(Q)
»  The convergence in L1(Q) implies < F (u),v >= 0 for all v € UKEN VKk.
= By an argument of density F(u) = 0 in W01,p(€2).

Case 111
We show, thanks to the strict monotony and an inequality; see article [2], that vx = dDu(x) p.p x € Q and we join the case (iv).

Cas I
Stages of the demonstration:

spt(vy) C Ky = {A € M™% . W(z,u,\) = W(x,u, Du) +o(z,u, Du) : (\— Du) }
it is shown that o(z,u,A) = o(x,u, Du) YA € K, D spt(v;)

we define 7 := f_.'\[mx“ o(x,u,A)dv,(A) and we show that & = o(z,u, Du)

we define the function

Q(Ir H;U'} = |JI{;I.‘_._'H_.p} - 5-(3:”
It is a function of Caratheodory.

we have gi(x) = g(x,ur(z), Dug(z)) is equi-integrable and converges weakly in L'(12) to g.

g = Jpmyuppmxn |0(@.0,p) —0(2)|ddy () (1) @ dva(X)
.’rspt[yz) |J(‘T:'?I-.p)_5($)| dl‘fy()\j]
D )

= Such that gk > 0 we have gk converges strongly in L1(2)
= We go to the limit, which ends the demonstration.

Cas |l
VX € Q, VU € Mmxn in the support of vX:

o(z,u,A) : p=o(x,u,Du): p+ (Veo(a,u, Du)p) : (Du—A)

we show that
—o(z,u,\): (tp) > t((Vo(z,u, Du)p) (A — Du) —o(z,u, Du) : p)+o(t)

Forall t.
= o(x,uk,Duk) is equi-integrable, it admits a weak limit in L1 notc given by:

o= f o(z,u,N)dvy(N) = o(z,u, Du)
sptig

The demonstration is over

In a work published in 2014, the convergence theorem in a variable exponent space is developed in the article of [6]. Recall the
quasi-linear system QES:

—divo(x,u, Du) v(z) in Q
u = 0 onoQ ®)

Theorem 5: If ¢ satisfies the assumptions in the table 2 then the Dirichlet problem 8has a weak solution
~.plx
ue WP (R

For all v in the dual of WO1,p(x)(€2,Rn).
The authors share the demonstration in several sub-lemmas. Below is a table that summarizes the different hypotheses that must

be verified
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g: QxR x M™*" — MmHEn

In order to ensure the existence of the solution. The fixed case is extracted from the article of F. Augsburger et N. Hungerbuhler

[2] and the variable case of the article of F.Yonggiang et Y.Miaomiao [,
Globally these are the same assumptions, there is a change at the level of (H2) where we remove the existence of A3 in the case

with variable exponent and a change at the level of the inequality of q(x). Else, the case (iv) of (H3) is not addressed, | wonder
if it still constitutes an open question.

www.allmultidisciplinaryjournal.com

Table 2: Comparison of the hypotheses of the convergency theorems.

Hyptheses fixed exponent variable exponent
1,p(x)
v(X) W /(€. Rm) dual of W . (Q, Rm)
H(): o is a function o is a function
Continuity of Carathory of Carathory
: Itexistsc1>0,c2>0
It exists c1 =0, c2> 0 M € LXNQ) 2z € LYQ)
MELP/(Q) -1 < q(x) <
A € LY(Q) 9(—)—” A=
0<a<petria€lip)/(Q) ~
[¢4
(px)— 1)
0<q=<n (p—1
H() ey p()
Growth and
coercivity (x, u, F)| < n—p(x)
M ot w P <
A(x) +ca(julp  +|F|p—1 A
10 +eflulf - +Fp-1) 11(x) +a(ula(0) +FIp(o-1)
et
o(x,u, F):F>
_ N o(x,u, F):F>
A2(x) — A3(X) |ula +c2 [Flp “3a(X) +¢2 [FIp(x)
H(3): o(x, u, F) viy o(x, u, F) vfy
Monotony (i) or (ii) or (iii) or (iv) (i) or (ii) or (iii)
(i)Vx € Q, Vu € Rm (i) Yx € Q, YVu € Rm
F>— o(x,u, F)is C! F>— o(x,u,F)is C!
and is monotonous and is monotonous
(i FW: QxRmx M ™" — R (i) IW: Q xRmx M ™" — R
checking checking
o(x,u, F)=aW (x, u, F) o(x,u, F)=3aW (x, u, F)
OF OF
and and
F>— W (x, u, F) is convex and C! F>— W (x, u, F) is convex and C*
(iii)) F»— o(x, u, F) is (i1))F >— o(x, u, F) is
strictly monotonous strictly monotonous
(1v)c(_x, u, F)is strlc_tly not mentioned
p-quasi-monotonous in F

Tools for the proof of the theorem

In the following, we define the functional

J(u):w / o(z,u(z), Du(x)) : Dwdr— < f,w >
Q

)

For all u € WO01,p(x), the functional J(u) is linear and bounded. Moreover, the restriction of J to a finite linear subspace of

WO01,p(x) is continous.

We note:
o (o _ 1
p () =
p () o)
p(z)—1

si zeQ={zep(z)=1}

else

The authors use the Galerkin approximation. Either

VicWc..cwy?(q)

) = oo}

si zeQ={reQp

(10)
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A sequence of finite-dimensional subspaces with the property UiENVi is dense in WO1,p(x). For any Kk, it is assumed that the
dimension of Vk is rk and ®@1,...,drk is a base. We note Pri=1 ai®i = ai®i then we define the discrete.
projection operator:

a - or — 7 |
(ﬂi) 1<i<r = ({ J (a'l(:[}f) "(I)-j :p)li.fi’" (11)

Lemma 1 The application of discrete projection G on VK is continuous. In addition,

G(a).a —

when |lall — cowhere . means the dot product of two vectors in Rr.
Lemma 2: For all k € N, it exists uk € VK such that

<J(up),v>=0,veV,

Lemma 3: If uk = u in W01,p(x) and o satisfies the assumptions of the tables 2 (H1) — (H3), then for all v € WO01,p(x), we
have:

/Q (o(z,up(x), Dup(z)) : Dw—o(z,u(z),Du(z)): Dw)dz — 0

when k — oo
Definition 5: fk converges weakly to t if and only if

<G, fr>—=<g".f>

For all g* in the dual of W01, p(x).
Demonstration 6: The demonstration is based on a reasoning by absurd. Thus, it suffices to show that there exists u € W01,
p(x) such that for any o € WO01,p(x) we have < J(u),v >= 0. For the entire demonstration you can consult the article [,

Remark 1: In the article [, the authors wrote: it is sufficient to prove that for any v € W01,p(x), there exists u € WO01,p(x) such
that < J(u),v >= 0. | think it was necessary to write: there exists u € W01,p(x) such that for any v € W01,p(x) we have < J(u),v
>=0.

3 Conclusion

As explained in the introduction, the author treats an elliptic problem in two functional spaces. The first is the fixed-exponent
Sobolev space, the second is the variable-exponent Sobolev space. The weak convergence theorem are reported but the
demonstrations are partial.
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