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1. Introduction

Fixed point theory is one of the most important research tools in nonlinear analysis. In the last decades, many authors have
published papers in fixed point theory and battened continuously. The application potential is the main cause for this
involvement. Fixed point theory has an application in many areas such as, physics, chemistry, biology, computer science and
many branches of mathematics. The Banach contraction mapping principle (©!) or the Banach fixed point theorem is the most
famous and pioneer result in a complete metric space. The famous Banach contraction mapping principle states that every self-
mapping Q defined on a complete metric space (X, d) satisfying the condition:

d (Qx), Q(y) =kd(x,y) (1.1)

For all x, y € X, where k € (0, 1) is a constant, has a unique fixed point and for every X0 € X a sequence {Qn x0}n>1 is
convergent to the fixed point.

After this result Most of the works were basically generalizations of the work of Banach. These generalizations include more
general metric spaces like b-metric space, M-metric space and s-metric space etc, or more general contractions etc. in our work
we determined fixed point using s-metric space

In 2012, Sedghi et al. [28] introduced the concept of a S-metric space which is different from other spaces and proved fixed
point theorems in such spaces. They also give some examples of a S-metric space which shows that the S-metric space is different
from other spaces. They built up some topological properties in such spaces and proved some fixed point theorems in the
framework of S-metric spaces. After this grateful beginning work of Sedghi et al. 28] many authors attracted to study the problems
of the fixed point, common fixed point, coupled fixed point and common coupled fixed point by using various contractive
conditions for mappings (see, for examples, [5 6.8 13,18, 29,30, 311y,

Recently, a large number of authors have published many papers on S-metric spaces in different directions (see, e.g.,g., [*10.1%
12, 14, 15, 16, 17, 19, 20, 21, 22, 23, 24, 25, 26, 27,32, 33] and many others).

In 2014, Ansari M introduced the notion of C-class function that is pivotal result in fixed point theory.
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In this article, we prove some common fixed point theorems on S-metric spaces via C- class functions and give some
consequences of the main result. We also give some examples to demonstrate the validity of the result. Our results generalize,
extend and improve several results from the existing literature.

2. Preliminaries
In this section, we recall some basic definitions, lemmas and auxiliary results to prove our main result.

Definition 2.1. ([28]) Let X be a nonempty set and let S: X3 — [0, «) be a function satisfying the following conditions for all u,
v, w, t € X hold with

(S1) S(u, v,w)y=0ifandonly ifu=v=w;

(S2) S(u, v, w) < S(u, u, t) + S(v, v, t) + S(w, w, t).

Then, the function S is called an S-metric on X and the pair (X, S) is called an S-metric space or simply SMS.
Example 2.2([28]) Let X = Ry and |l. la norm on X, then
S(u, v, w) =llv + w—2ull+ [lv-w llis an S-metric on X.

Example 2.3(]28]) Let X be a nonempty set and d be an ordinary metric on X. Then S(u, v, w) = d(u, w) + d(v, w) for all u, v,
w € X is an S-metric on X.

Example 2.4([28]) Let X =R be the real line. Then S(u, v, w) = [u — w| + [v — w]| for all u, v, w € R is an S-metric on X. This S-
metric on X is called the usual S-metric on X.

Definition 2.5 Let (X, S) be an S-metric space. For € > 0 and u € X we define respectively the open ball Bs (u, €) and closed ball
Bs [u, €] with center u and radius ¢ as follows:

Bs(u,e)={veX:S(v,v,u)<g},
Bs[u,e]={veX:S(v,v,u)<e}.

Example 2.6([29]) Let X =R. Denote S (u, v, w) = |v+w —2u| + |v—w| forall u, v, w € R.

Then
Bs(1,2)={veR:S(v,v,1)<2}={veR: v—-1|<1}
={veR:0<v<2}=(0,2),

and
Bs[2,4]={veR:S(v,v,2)<4}={vER: [v—-2|<2}
={veR:0<v<4}=]0,4].

Definition 2.7. ([28], [29]) Let (X, S) be an S-metric space and A c X.

(¥1) The subset A is said to be an open subset of X, if for every x € A there exists ¢ >0

such that Bs (x, ¢) € A.

(v2) A sequence {r» } in X converges to r eX if S(rn, rn, r) — 0 as n — oo, that is, for each € > 0, there exists ng € N such that for
all n > ng we have S(rn, n, r) < &. We denote this by lim 7,,0r , — r as n — .

n-oo

(v3) A sequence {r, } in X is called a Cauchy sequence if S(7;,, 13,, 13,) — 0 as n, m — oo, that is, for each & > 0, there exists ng
€ N such that for all n, m > ng we have S (1, 1, 17,,) < &.

(y4) The S-metric space (X, S) is called complete if every Cauchy sequence in X is convergent.

(¥s) Let t be the set of all A X having the property that for every x € A, A contains an open ball centered in x. Then 1 is a
topology on X (induced by the S-metric space).

(¥¢) A nonempty subset A of X is S-closed if closure of A is equal to A.

Definition 2.8. Let X be a non-empty set and let A, B: X — X be two self mappings of X. Then a point u € X is called a (Q1)
fixed point of operator A if A (u) =u and a (©22) common fixed point of A and B if A (u) = B (u) = u.

Definition 2.9. ([28]) Let (X, S) be an S-metric space. A mapping A: X — X is said to be a contraction if there exists a constant
0 <k <1 such that

S (Au, Av, Aw) <k S (u, v, ) (2.1)
forallu, v, w e X.

Remark 2.10. ([28]) If the S-metric space (X, S) is complete and A: X — X is a contraction mapping, then A has a unique fixed
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point in X.

Definition 2.11([28]) Let (X, S) and (X', S’) be two S-metric spaces. A function R: X — X’ is said to be continuous at a point
Xo € X if for every sequence {r,} in X with S (3, 13,, X0) — 0, S'(R(13,), R(7,), R(X0)) — 0 as n — co. We say that R is continuous
on X if R is continuous at every point X, € X.

Definition 2.12([1]) A mapping F: [0, «0) x [0, ) — R is called a C-class function if it is continuous and satisfies the following
axioms:

@D F(s,t)<s;

(i) F (s, t) = s implies that either s=0 or t = 0, for all s, t € [0, o).

Note that for some F, we have that F (0, 0) = 0. The letter C denotes the set of all C-class functions. The following example
shows that C is nonempty.

Example 2.13. ([1]) Each of the functions F: [0, o) x [0, «) — R defined below are elements of C.

1. F(s,t)=s—t
2. F(s,t)= msO<m<1
3. F(s,t)= (IH)“T € (0, )
4. F(s 1) _M a>1;
5. F(s,t)== in (12+as),a >e
1

6. F(s,t)=(s+ D0 — 11> 1,7 € (0,00);
7. F(s,t)=slogiiqa,a>1;

_ 1+s t )
8. Fe0=s-(3) ()
9. F (s, t)=sB(s),wheref:[0,0) = [0,o)and is continuous ;

10. F (s, t)—s—(L);

K+t
11. F (s, t) r € (0, );

(a+s)7’
Definition 2.14([1]) A function y: [0, ©0) — [0, o) is called an altering distance function if the following properties are satisfied:
(y1) v is non-decreasing and continuous function;

(v2) v (t)=0ifand only if t = 0.

Remark 2.15 We denote W the class of all altering distance functions.

Definition 2.16([1]) A function ¢: [0, ) — [0, ©) is said to be an ultra altering distance function, if it is continuous, non-
decreasing such that ¢ (t) > 0 for t > 0.

We denote by ®u the class of all ultra altering distance functions.

Lemma 2.17([28], Lemma 2.5) Let (X, S) be an S-metric space. Then, S (u, u, v) =S (v, v, u) forall u, v € X.
Lemma 2.18([28], Lemma 2.12) Let (X, S) be an S-metric space. If r, — r and pn — p as

n — oo then S(rn, rn, Pn) — S(r, 1, p) as n — o,

Lemma 2.19([6], Lemma 8) Let (X, S) be an S-metric space and A be a nonempty subset of X. Then A is S-closed if and only
if for any sequence {rn} in A such thatr, —» rasn — oo, thenr € A.

Lemma 2.20([28]) Let (X, S) be an S-metric space. If ¢ > 0 and x € X, then the ball Bs(X, c)

is a subset of X.

Lemma 2.21([29]) The limit of a convergent sequence in a S-metric space (X, S) is unique.

Lemma 2.22([28]) In a S-metric space (X, S), any convergent sequence is Cauchy.

3. Main Results

In this section, we shall prove common fixed point theorem on S-metric spaces via C-class functions and rational type
contraction.

Theorem 3.1 Suppose (X, S) be a complete S-metric space and t;, t, : X — X be two self-mappings satisfying the inequality:

¢(S(t1x' tly' tZZl ) < F(lp(ﬂ(x' Y Z))' (P(T](X' Y Z))) (31)
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Where

S(z,z,t,7) )

Nx,y,z) = a0;SX,y,2) + 0, S(x, %, t,X) + a3S (1+S(X,y,z)

For all x,y,z €X, where a4, o,, a3 > 0 are non negative reals with o, +a, + a; < 1,9 € ¥, € &, and F € C.then t,, t, have
a unique common fixed point in X.

Proof: for each x, € X.Let xp,41 = tiXon and Xppn4n = tyXon,q for n=0, 1, 2.....we prove that {x, } is a Cauchy sequence
in (X, S). It follows from (3.1) X=y= x5, , Z = X,,_4 and using S;and S, and lemma (2.18).we have

1l’(S(XZnH' Xon+1 xZn)) = w(S(tlxzn. t1Xon, t2Xon—1, ))

<F (1/)(77(95211' Xon» xZn—I))v <p(n (X2ns X2ms X2n—1, ))). (3.2)

S(xzn—lrxzn—ptzxzn—ﬂ)

Where n(xzn, X2n, Xan-1) = @ S(X2n, X2n) X2n—1) + 025 (Xon, Xon, t1X25) + a3S (
[1+S(x2nX2nX2n-1)]

S(X2n-1X2n-1X2n) )

= 0 S(Xy0, Xom, Xom—1) + 05S(Xop, Xop, X +aS(
1 ( 2n) A2nr A2n 1) 2 ( 2n» A2n 2n+1) 3 [1+S(X2n.xzn.xzn—1)]

S(X2nX2nX2n-1)
< 03 S(Xp, Xon, Xon—1) + a4 S(x x Xon) + S(—
1 ( 2n A2 A2n 1) 2 ( 2n+1» *2n+1» Zn) 3 [14SCt2n X2 Xzn—1)]

< a1 S(Xon) Xom X2n—1) + 02 S(Xon41, Xon+1, X2n) + 43S (Xon, X2n, X2n-1) (3.3)

Using equation (3.3)in equation (3.2) and using the property of F,we get w(S(x2n+1,x2n+1,x2n))SF(z/)( (aq +

3)S(Xam Xans Xan-1)) + @2 (S (zns1s x2n+1:x2n)):
<y (( a4 03)S(Xan, Xom Xon-1)) + 02 (S (X2n+1s X2ns1, x2n)); (3.4)
Since Y € W, so using the property of 1, we deduce that

S(Xons1) Xan+1: X2n) < P (( oy + 0‘3)S(x2n:x2n:x2n—1)) + a,(S (x2n+1fx2n+1!x2n))!

Or

aq+ag

S(X2ns1, Xona1s X2n) < ( )S(xzn' Xon) X2n—1) (3.5)

= pS(X2n, X2n) X2n—1)

1-oa;

Where p = (m) <1

1-oa;
“ oy + oz < 1. This implies that:

S(xn+1'xn+1'xn) < ps(xn' xnﬂxn—l) (3-6)

Forn=0,1,2,3.....
let D, = S(Xp41) Xn41, Xn) and Dy, _; = S(xy, Xy, X,,—1). Then from equation (3.6), we conclude that

D, <pDp_; < pan—Z < - <p"Dy (3.7)
There for since 0 < p < 1, taking the limit as n — oo, we have

lim S(xn+1' xn+1ﬂxn) =0 (38)

n-oo,

Now we shall show that {x,,} is a Cauchy sequence in(X, S)
Thus for any n, m € N with m > n and using lemma (2.18), then we have

S(xn' xnﬂxm) < Zs(xn' xnﬂxn+1) + S(xmﬂxmﬂxn+1)

= Zs(xn' xnﬂxn+1) + S(xn+1' xn+1ﬂxm)

< Zs(xn' xnﬂxn+1) + 2S(xn+1' Xn+1 xz) + S(xn+2' xn+2ﬂxm)

< 25(%Xn, Xy Xna1) + 28 (Xng1s Xpg1, X2) + 28 (Xni2s Xngz, Xngz) + 0+ S(Xm_1, Xine1, X))
<2(" +p™H P2+ + p™ DS (x0, X0, %1)

— 2(pn + pn+1 + pn+2 + .t pm—l)DO
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2p™
< P Dy —>0asn,m — o
-p

since 0 <t < 1. Thus, the sequence {x,} is a Cauchy sequence in the space (X, S). By the completeness of the space, there exists
u € X such that lim x, = u

n
Now, we shall show that u is a fixed point of ¢, For this, using the given inequality (3.1) for x =y = X2, and z = u, we have

¢(S(x2n+1' Xon+1s tzu)) = w(s(tlen' t1Xon, L2, ))

<F ('l’ (77 (X2ns Xoms u)), (P(TI (X2ms Xoms U, ))) (3.9)
Where

N(x2p Xon, U) = 0 S(Xan, X2n, W) + @2 S(X2p, Xon, t1X25) + 03S (%)

= a1 S(x2p, X2p, ) + 0 S(Xgn) Xon, Xans1) + 43S (%)
letting n — ooin the above inequality and using (S1), we get

N(Xz2n, X2, W) = (a3)S(w,u, tu) (3.10)

using equation (3.10) in (3.9) and using the property F, We have

1/’(5(9‘72n+1' Xon+1s tzu)) < F@((a3)S(u, u, tpu)), ¢ (a3)S(u, u, tyu)))
< 1/)((“3)801, u, tzu))) (311)

Letting n —» o in equation (3.11) we obtain

PY(S(u,u, tpw)) = P((a3)S (u,u, tpu)) (3.12)
Since € W, so using the property of i in equation (3.12),we deduce that

S(u,u,tu) < (a3)S(u,u, tyu)
< (a; + a, + a3)S(u,u, t,u)
< S(u,u,tyu) Sincea; +a, +a; <1

Which is a contradiction.Hence S(u, u, t,u) = 0, that is t,u = u. This shows that u is a fixed point of g.By similar fashion, we
can shows that t;u = u. Consequently, u is a common fixed point of t; and t,.

Now, we shall show the uniqueness. Let u, be another common fixed point of t; and t,

Such that t;u; = uy = tyuy with u; # u. Using given contractive condition (3.1) for x=y=u=z=u; and using (S1) and Lemma
2.18, we obtain

lp(S(u, u, ul)) = 1/)(S(t1u, tiu, touy, ))
<F (ll)(n(u, u,uy)), 9w, ul))) (3.13)

Where

S(u1.u1.tzu1))

n(u; u, ul) = als(ul u, ul) + aZS(u’ u, tlu) + (X3S ([1+S(u,u u)]

S(uq,uq,uq) )

= o, S(u, u, uq) + o, S(u, u, u) + asS ([1+S(u,u,u1)]

= o, S(u, u,u,)

Substituting in equation (3.13) and using the property of F,we have

Y(Su,u,u,)) < FOp((a)S(u, u,u,)), 9((4)S(w, 1, u1)))
< w((al)S(u, u, ul)) (3.14)

Sincey € W, so using the property of ¥ in equation (3.14),we deduce that

S(u,u,uy) < ((al)S(u, u, ul))
< (a;+a,+a3)S(u,u,u,y)
<S,u,uy),Sincea; +a, +az; <1 (3.15)
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Which is a contradiction.Hence S(u, u,u;) = 0, that is u = u,.This shows the uniqueness of the common fixed point of t;
and t,.this completes the proof.

Putting t,=t, in Theorem 3.1, then we obtain the following result.
Corollary 3.2 Let (X, S) be a complete S-metric space and f: X — X be a self-mapping satisfying the following inequality:
W(Stx ty tyz,) < F(Y(0(xy,2)), ¢(0(x,y,2)) (3.16)

Where

S(z,z,t,2) )

@(X, y, Z) = als(xl Y; Z) + aZS(X‘ X, tlx) + (X3S (m

For all x,y,z €X, where a;, a,, a; > 0 are non negative reals with a;+a, + a3 <1, € ¥, € &, and F € C.then t; has a
unique common fixed point in X.
proof. This result immediately follows from Theorem 3.1 by taking t; = t,.

If we take F(s,t)=ms for some m € [0,1)and ¥(t) =t for all t = 0 in theorem 3.1 then we have the following result (with
ma, = a;,ma, = a, maz - az)

Corollary 3.3 Let (X, S) be a complete S-metric space and t;, t,: X — X be two self mappings satisfying the inequality

S(tyx, 11y, t22) < o;S(X,y,2) + a,S(X, X, t1X) + a3S (i&%}:;zz))) 3.17)

for all x, y, z € X, where a,, a,, a; > 0 are nonnegative reals with a; + a, + a; < 1 Then t; and t, have a unique common
fixed point in X.

Proof Follows from Theorem 3.1 by taking F (s, t) = ms for some m € [0, 1) and y(t) =t for all t > 0 with ma, - a,,ma, -
a, maz — as

Putting g = f in Theorem 3.1, then we obtain the following result.

Example 3.4 Let X = [0.1] and t,, t,: X — X be given by ¢, (x) = g and t,(x) = z for all x € X. Define the function S: X3 —

[0,00) by S(x,y,z) = max{x,y,z} forall x,y,z € X, then Sisan S Metric on X. Let x,y,z € X such thatx >y > z.
We have

- ryzi_Xx
S(tlx,tly,tzz) = maX{2,2,4} 2

S(x,y'z) = max{x;y,z} =X
t,S(x, X, t;x) = max {x, X, g} =x

S(z,z,t,2) = max {z, Z, Z} =z
Consider the inequality (3.17) of corollary 3.3, we have

X Z
—<oX+a,x+ o3 —
2 1 2 314z

Putting x=1,y = %,z = % then we have

The above inequality is satisfied for: (1) a; = %,az = i,a3 =0; @@= %,al =o3 =0,a; +a, +az; <1. Thus all the
condition of corollary 3.3 are satisfied.Hence by applying corollary 3.3, t; and t, have a unique common fixed point in X. Indeed
0 € X is the unique fixed point of t; and t,in this case.
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4. Conclusion

In this paper, we prove some common fixed point theorems in the setting of complete S-metric spaces via C-class functions and
rational type contraction, we give example in support of our result. Also, we give some consequences as corollaries of the
established result. The result obtained in this paper extend, generalize and enrich several results from the existing literature
regarding complete S-metric spaces.
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