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Introduction

Contractive mappings form one of the most important classes of mappings in fixed-point theory. This is vital in many branches
of mathematics, including analysis and topology. In classical metric spaces, one has the Banach Fixed Point Theorem, which
gives necessary and sufficient conditions for the existence and uniqueness of a fixed point for the whole class of contractive
mappings. Nevertheless, contractive mappings have been analyzed in even more general structures, such as controlled metric
spaces and extended b-metric spaces.

Controlled metric spaces. This has a corresponding framework based on a control function allowing for more variations in the
definition of distances and convergence. It is an extension of fixed-point results to certain applied situations where the classical
conditions are not satisfied. Extended b-metric space. This is the extension of the concept of b-metrics that provides a richer
structure within which convergence and even continuity can be studied in far greater detail. This paper is aimed to attract
attention to the importance of contractive mappings within the framework of more advanced spaces: that it is useful for deep
solution of complex problems and theoretical development. Investigation of properties and consequences of such mappings may
be a way opening new ways within the fixed-point theory, crossing different mathematical fields of application.

Preliminaries: |

1. Controlled Metric Spaces

A controlled metric space is a generalization of a metric space where distances are measured using a control function. Formally,
let X be a set and d:

X x X — [0, «) be a function
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Satisfying

= Non-negativity: d(x,y) >0 for all x,y €X.

= Identify of indiscernibles: d(x,y)=0 if and only if x=y.y)
= Symmetry: d(X,y)=d(yx,,x) for all x,y €X.

= Triangle inequality: d(x,z)<d(x,y)+d(y,z).

2. Contractive Mappings
A function T: X—X is called a contractive mapping if there exists a constant 0<k<1I such that:

d(T(x),T(y))<k.d(x,y) VX,yEX.
3. Controlled Metric Spaces
Controlled metric spaces generalize traditional metric spaces by allowing a more flexible distance function, often incorporating
an auxillary function to control the distance.

Definition: A controlled metric space is a pair (X,d) where d:X x X—R
Satisfies the properties of a metric, possibly modified by a control function ¢:R+ — R+, where:

d(x,y)<¢(d(T(x),T(¥))) VX, y€X.
4. Extended b-Metric Spaces
An extended b-metric space is a generalization of a b-metric space where distance between points may not satisfy the traditional
triangle inequality, But instead fulfills a relaxed condition.

Definition: An extended b-metric space is defined by a function

d:X x X —[0,00)such that for all x,y,zEX:

(1) d(x,y)=0 if and only if x=y.

(2) d(x,y)=d(y.x).
(3) d(x,2)<d(x,y)+d(y,z)+4(d(x,y),d(y,z)), where ¢ is a control function.

5. Existence of Fixed Points

In controlled metric spaces and theorems often require specific conditions on the contractive mappings, including:
= The mapping must be continuous.

=  The space must be complete in a sense adapted to the control function.

6. Applications

Contractive mappings in these generalized spaces are instrumental in various fields such as:
= Nonlinear analysis.

=  Mathematical Biology.

= Economics and game theory.

Conclusion
Understand contractive mappings in controlled metric spaces and extended b-metric spaces expands the scope of fixed point
theory, offering richer frameworks for analysis in various mathematical disciplines

Preliminaries: |1

Definition 1.1: (b-metric space) 141,

Suppose db: X x X — R+ be a map on a nonvoid set X, satisfying

(*1) db(8,n) =0 if and only if 3 =,

(*2) db(8,n) = db(n,9),

(*3) db(9,n) < s[db(9,2)+db(z,n)],for some constant s > 1 for all 3, n € X.

Then, db is called a b-metric on X and (X,db) is referred to as a b-metric space with a constant s.

Remark 1.2 It should be noted that for s=1, b-metric space reduces to a metric space.Thus, every metric space is a b-metric
space with s=1 but, in general, a b-metric space is not a metric space. This metric has been further generalized by replacing the
constant s by a function. The concept of extended b-metric space is given as follows:

Definition 1.3 (Extended b-metric space) 71,

Suppose that X is a nonvoid set and bg: X x X — R+, where ¢: X x X — [1, ), is function satisfying
(**1) bp(9m)=0iff 9 =1,

(**2) bp(9,n)=bp(n.9),

(**3) bp(9,n)<¢(8.n)[bd(9.2)+[bd(zn)].,
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For all ;neX.Then, b¢ is referred to as extended b-metric on X and (X,b¢) is called an extended metric space.

Remark 1.4 It should be noted that for ¢(3,n)=s, for all $,n€X and some constant s > 1, the extended b-metric space reduces to
a b-metric space.Each b-metric space is therefore an extended b-metric space, but not the other way around.

Definition 1.5. (%]

A sequence {3n} in an order set (X,<) is said to be increasing or ascending if, for all m,n€NO such that m < n, we have 3m <3n.
It is said to be strictly increasing if 9m <8n and 9m # 9n.We denote this an 9m<9n.

Definition 1.6. 3, Let (X, d,<) be any ordered metric space. X has the t-property if every strictly increasing Cauchy sequence
{8n} in X has a strict upper bound in X, i.e., there exists u € X such that 3n < u, for all n € NO.

Next, we state the definition of the t-property on extended b-metric spaces. We refer the readers to recall the convergence and
Cauchy sequence on extended b-metric spaces (Definition 4 in 20),

Definition 1.7. An ordered extended b-metric space(X, b¢,x)is said to have the t-property, if every strictly increasing Cauchy
sequence {9n} in X has a strict upper bound in X, i.e., there exists u € X such that $n < u.

Example 1.8. Let X =R or X=Q or X = (a, b], a, b € R be equipped with the natural ordering < and the usual metric. Then X
has the t-property.

We complete this section by presenting some examples to demonstrate the concepts defined above.

Example 1.9. Let X = Q be endowed with the metric b¢: X x X — [0, o) given by bd(9, ¥) = |9 — y|*2, where ¢: XXX — [1, )
is defined by ¢(9,y)= 9/2 + y*2 +2. If we take the sequence {9n} as an increasing Cauchy sequence in Q such that $n"2< 2, for
all n € N, then {9n} is a Cauchy sequence and converges to V2. This shows that (X, b,<)is not complete but has t-property as
every rational number greater than V2 is an upper bound of {9n}.

Example 1.10. Suppose X = [0, 2] N Q. We define an extended b-metric b¢: X x X — [0, ) by bd(9, 1) =0, if 3=n=9+n,
if 3 £m.

Let us define ¢: X x X — [1, o) defined by ¢(8, 1) =8 +n— 9.

Then clearly, (X, bo) is not a complete extended b-metric but has the t-property.

Main Results

1. Fixed points of ordered extended b-metric space having the t-property prior to establishing the main result, it is imperative to
prove the following lemma.

Lemma 1.1. Let (X, b¢,<) be an ordered extended b-metric space. Then for any sequence {Sn} in X, we have

bo(8n, 9m) < o(8n, IM)bd(9n, In+1) + ¢(3n, IM)$(Sn+1, SM)bd(Sn+1, 9n+2) + ---
+0(9n, IM)d(8n+1, IM)$p(In+2, 9m)--- ¢(Im—1, IM)bd(m—1, 9m), for all n, m € N with n<m.

Proof. By using the triangle inequality, we have
bd (B0, Sm) = ¢(8n, Sm)[bé(Bn, 9n+1) + bd(Sn+1, Hm)]
= ¢ (Bn, 3m) bo (B, Sn+1) + ¢ (B, Bm) be (Bn+1, Sm).
Again using the triangle inequality, we have
bo(8n, Bm) < 030, Sm)bd(dn, Sn+1) + 6(8n. Sm)e(Sn+1, Sm)[be(Sn+l, 8n+2) +
bo(Bn-+2, Sm)]
Continuing in this way, we get

bo(3n. 8m) = o(5n. Sm)bd(3n. Bn+1) + o(Sn,
Sm)o(Sn+1.8m)bo(sn+1, Sn+2) + - - -
+6 (8n, §m) ¢ (n=1, 5m) 6 (Sn+2. Bm) - - - G(Sm-2.
9m)bo(Sm—2, Hm)
+o(Hn. sm)(sn+1. Bm)e(Gn+l. gm) - - - ¢(Em-2,
9m)bé(Sm—1, Im).

Since ¢ > 1, we conclude that,

@ (30, 9m) ¢ (8n+1, Sm) ¢ (3n+2, 8m) - - - 6 (Sm—2, Bm) bé (3m—1, Sm)
< oo Sm)é(Sn+1, Sm)e(3n+2, Sm) - - - O(Bm-2. Bm)e(Im-1,
5m)ba(Sm—1, Sm),
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And hence,

bo(Bn, 8m) < ¢(In. Sm)be(In. Sn+1) + ¢(Sn. Sm)d(In+1,
Sm)bo(Sn+1. §n+2) + - - -
+6 (30, Bm) 6 (3n+1, 3m) ¢ (3n+2, m) - - - H(3m-1,
9m)bo(dm-1, 9m,

Which completes the proof.
Now, we state and prove our first main theorem.

Theorem 1.2. Let (X, b¢,<) be an ordered extended b-metric space having the t-property. Let f: X — X be a monotone non-
decreasing self-map such that,
(C1) there exists 90 € X with 90 < 130,
(C2) forall §, y € X with 9 < y,
d(y, fy) <Ad(9, 13), where A € (0, 1) 1)

Further, suppose that the mapping ¢: X x X — [1, o) satisfies
09, 2) > ¢(y, 2), )

for all 9, y € X with § < y and anyz € X. Suppose also that limm,n—o
&(9m, 9n) <1/A, where 9n = *n 90, n € N. Then f has a fixed point in X.

Proof
By the assumption (C1), there exists 30 € X with 30 < f30. Starting with this element 30, define the sequence {3n}, n € NO as
9n+1 = f3n. If 3n+1 = Jn for some n > 0, the proof is done. Assume that 3n+1,
9n for all n > 0. From the assumption (C1) we have 30 < 91, and using the fact f is non-decreasing, we deduce 92 = f31 < 30
= 31. By continuing the process, we conclude that the sequence {8n} is strictly increasing. Now, since 80, 91 € X with 80 < 91,
then by (1), we have

bo(91, f31) < Abo(90, 90). (3)
Again, since 91, 92 € X with 81 < 92, then by (1), we have

bo(92, f92) <Abd(91, f31) 4)
Using (3) in (4), we get

bo(92, 192) <12 bd(90, f30).
Continuing in this way, we get

bo(9n, f9n) < 1*nb(90, £90), n € N (5)

Now we will show that {8n} is a Cauchy sequence. Let n, m € N with n < m. Then by Lemma 3.1, we have

b (On, 8m) < ¢ (In, Im) b (O9n, In+1) + ¢ (On, Sm)d(dn+1,
O9m).b¢(On+1, Snt+2) + - - -
+$(0n, Sm)$(On+l, Bm)d(®nt2, Ym) - - - H(Om-1,
9m)bd(Bm—1, Jm). (6)

Since {8n} is strictly increasing sequence, then by using the property (2) of ¢, we have
¢(Bm—1, 9m) < ¢(9m—2, 9m) <... < $(9n+1, Sm) < ¢(9n, Im), 7)

For all n, m € N with n < m. Now by using (7) in (6), we get
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b¢ (8n. 8m) = ¢p(3n, Sm)bd(dn, Sn+1) + [¢(3n, Sm)]"2
b¢ (9n+1, dn+2)
+Hd(O9n, dm)]3be(dn+2, In+3)+- - - + [$(9n,
9m)]"m—n—1 bd(dm—1, 3m)

By using (5) in (8), we have

bd(dn, 9m) < [¢(dn. 9m)]bé(Sn. Snt+1) + [¢p(8n, Im)]"2bd(Ent1,
ont2) + - - +[6(%n, Hm)]"m—n—1bp(Hm—1, Hm),
< [¢(5n, Sm)]A"n  bd(30, £30) + [¢(In, Hm)]"2A"n+1  bd(J0,
£30) + - - ~Hd(8n, Om)] 'm—n—1)"m—1bd(30, £30),
< [6(3n. Sm)A] n + [¢(dn, Sm)h] n+1 +- - - + [$(5n,
Sm)A] m—1]bd(80. f30)
=[t"n+t"nt+l +- - - +t"m—1] b (30, £30)

=[t"n (1 - t*m—n—1)/1 — t]bd(30. £30).

Where t = ¢(8n, 9m)A. Using the fact that lim n,m—oo ¢(8n, 9m) <1/A, we have lim n,m—oo t < 1. Hence, passing to limit as n,
m — oo in the inequality above, we conclude that,

lim n,m—o0

bo(8n, Sm) < lim nym—oo[ t*n(1 — t"m—n—1)/1 — t]bH(80, f30) = 0 9)

This proves that {9n} is a strictly increasing Cauchy sequence and since (X, b¢,=<) has the t-property, there is a ® € X, such that
9n <, Vn € N. Thus, by using (1) and (5), we have

bd(w, fw) < ibd(dn, fin),

= M n+1b(B0, £50),
— 0, asn — oo,

Implying that bo(w, fw) = 0 and hence, f has a fixed point in X which completes the proof.
We provide some illustrations to support our theoretical result.
Example 1.3. Let X = {—1/2,—1/4,-1/8,...} U {0} and “ < ” is defined as natural ordering “ <. We define the metric bp: X x X
— [0, ) by

bd(3,m) =0, iff & =1

=3+3+7, iffd#n

Further, if we specify ¢: X x X — [1, ©) by ¢ (3, n) =5 +n — 9, then we can easily verify that (X, b¢,<) is an ordered extended
b-metric space.
Now, we consider f: X — X by 3 =8/2 and A =1/7.
Here, for any 90 € X, we can show that 3k = f*k(80) = —1/2"k for some k € N U {0}. Thus, ¢(8m, 8n) =5 —1/2*n+1/2"m and
hence lim m,n—oop(8m, 9n) =5 <7 =1/A.
Now, it remains to prove (1). Let 9, n € X with 9 <m, we have

hbo(3, £3) — bo(n. £1) =1/7[be(3, §2)] — bo(n.n/2)

=173 +5+5/2] — [3 + 1 +y/2]
=0.

Thus, all of the requirements of Theorem 1.2 have been met. Hence, f has a fixed point in X which is 0.

1.2. Fixed points in O-complete ordered extended b-metric spaces
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We will first review some definitions before moving on to the major finding.

Definition 1.4. . An ordered metric space (X, b¢,<) is said to be O-complete if every increasing Cauchy sequence in X
converges in X. In an ordered metric space, completeness implies O-completeness, but the converse is not true in general.

Example 1.5. Let X = (0, o) induced with the natural ordering and b¢ (9, y) = |9 — y|, then clearly (X, b$,=<) is O-complete but
not complete.
Theorem 1.6. Let (X, b¢,<) be an O-complete ordered extended b-metric space. Let f: X — X be a self-mapping which is
continuous, monotone non-decreasing and satisfies,
(D1) there exists 90 € X such that 30 < f30.
(D2) forall 9, y € X with 8§ <y, 9, f(8), the inequality

bo(y, f'y) <A[bo(8, y) + bd(f9, fy] (10)
Holds for some A € (0,1/2). Further, suppose that the mapping ¢: X x X — [1, «) is such that

09, 2) = ¢(y, 2) (11)
Holds for all 8, y € X with § < y and for any z € X. Let also limm, n—w

o(9m, 8n) <(1 — A)/A, where 9n =f*n80, n € N.
Then f has a fixed point in X.
Proof. As in Theorem 1.2, starting with 30 € X in the condition (D1), we construct a strictly increasing sequence {8n} in X as
9n+1 = f3n, neN.
Since 90 < 91, we replace y, 9 in (10) by 91, 30 respectively, and we get

B (31, £31) < & [bd (30, 31) + b (130, £51]

= 3bd (30, £30) + Abd (31, £31).

Then

bo(91, f31) <[M/1 — A]bo(80, f30) (13)
Again as 91 < 92, by using (10) withy = 82, 3 = 31 and (12), we obtain

bd(D2, £32) < A[bd(B1, 32) + bd(£31, £32],

= 1bd(B1, £31) + Abd(82, £32).

Then,
bp(92, £52) < (W1 — L)bd(81, £31),
Which implies,
bo(92, £32) <(A/'1 — L)"2bo(30, £30),
Upon using (13). Continuing this process, we get
B¢ (9, £3n) < (W1 — )"n bd(90, £90),
For all n € N. Since 0 <A < 1/2, then 0 <k =}/1-A< 1. Now, the inequality (14) becomes
bé (8n, f (9n)) < k" nbd (30, f30) (15)

As in the proof of Theorem 3.2, we can show that {9n} is an increasing Cauchy sequence in X. Since (X, b¢,<) is O-complete,
there exists w € X such that

limn—oo9n = ® (16)
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Since f is continuous, we conclude that
o= limn—o In+1 = limn—oo f(9n) = f(w) @an

Hence w is a fixed point off in X which ends the proof.

1.3. Fixed points of extended b-metric space in the sense of Boyd-Wong

In this section, we state and prove our last main result which is a fixed point theorem for contractions of Boyd-Wong type on
ordered, extended b-metric spaces with the t-property. The Boyd-Wong contractions [ are known to be one important extension
of the Banach contractions and studied by many authors 1322,

First, we recall the auxiliary functions involved in the definition of Boyd-Wong contractions.

Let ¥ be set of all functions y: [0, c0) — [0, o) satisfying,

(i) v is non-decreasing,

(1) y(x) <x, Vx>0,

(iii) limr—x+y(r) <x, V X > 0.

We will use the following lemma, the proof of which can be found in [l

Lemma 1.7. Bl Let y € ¥ and {un} be a given sequence such that un—0+ as n — co. Then y(un) — 0+ as n — co. Also y (0) =
0

Theorem 3.8. Let (X, b¢,<) be an ordered extended b-metric space having the t-property and f: X — X be a monotone non-
decreasing self-mapping. Assume that for all 3, y € X with 3 <y, we have

bo(y, £'y) < w(be(9, 9)), (18)

Where y € ¥. Suppose that the series Zy”'n (t) converges for all t > 0 and there exists 30 € X such that 80 < f (30).
Suppose also that the mapping ¢: X x X — [1, o) satisfies forall 3, y € X with3 <y

009, 2) = ¢(y, 2),
Forall 8, y € X with 3 < y and any z € X, and lim m,n—co¢"m(9m, 9n) = L,

Where L < o, and 9n = f*n80, n € N. Then f has a fixed point in X. Moreover, every strict upper bound of fixed point off is also
a fixed point off.

Proof. The proof starts as the proof of Theorem 3.2 by constructing a strictly increasing sequence {9n} in X defined by
9n+1 = f3n. (19)

Denote Tn = b¢(8n, f3n), for all n € NO. Since 9n, f3n, we have Tn > 0 for all n € NO. Also, using the fact that 3n < 9n+1 for
all n € N, from (18), we have

Tn+1l = bo(Sn+1, fin+1) < w(bd(9n, f8n)) = w(Tn) < Tn. (20)
This shows that {Tn} is a monotone decreasing sequence in R+ so, there exists r > 0 such that
limn—oo

Tn=r. (21)

Letting n — oo 1n (20), we get

1< limn—oc

w(Tn) <r,

which implies

limn—sa

v(In)=r. (22)
Suppose that r > 0. By (22) and the property (iii) of the function y, we get

1= limn—w

v (Tn) = lim

Tn—r

+

¥ (Tn) =1,
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Which is a contradiction, so that, r =0, and
limn—o0

Tn=0.

Now, the condition (18) with y = 81, § = 30, we have
bo (91, £91) < w(bo(90, £90).

Repeating this process n times, we deduce

Ton=bo (3n. fin) =y
n

(b (30, £30)), foralln= 1.

Since P
n=1y
n

(t) converges for all t = 0, we have that P

n=1 Tn converges.

We shall show that {9n} is a Cauchy sequence in X. As {3n} is a strictly increasing sequence, forn, m € N
With n <m, by using the triangle inequality, (18), (19), (23) and the definition of ¢, we obtain

b (3n, 3m) = ¢ (30, Sm)bo(3n, Intl) + [6(3n, Sm)]2

bé (3n+1, 9n+2)

* [ (9n, 9m)] 3

bé (9n+2, 80+3) + - - - + [6(8n, 8m)]m—n—1

bé (3m—1, Sm)

=[¢ (¥n. 9m)] m

[Ta+To+l + - - - + Tm—1]

= [ (30, 8m)] mXeo

k=n

Tk

Due to the fact that lim n, m—oo
o(8n, 9m)]m

Is finite and the series P
n>1 Tn is convergent, its tail Poo

kn
Tk=0—0as
n — oo and we have,

lim n.m—oo

¢(on, 9m)]mXeo
kn
Tk=0,

(23)

(24)
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Which implies that

lim n, m—o

bo(8n, 9m) = 0.

Hence, {9n} is a monotone increasing Cauchy sequence in X, which has the t-property, so there exists w € X
such that 9n < w for all n. By using (18) and (22), we have

B¢ (w, fw) <y (b (9n, fOn)) =y (Tn) — 0, as n — oo.

This shows that w is a fixed point off in X. Let z € X be any strict upper bound of w, i.e., w < z. By using
(18) and Lemma 3.7, we have

bo (z, f2) <y (b (w, fw)) =y(0) = 0.

Hence z is also a fixed point of in X

Conclusion

The study of contractive mappings in controlled metric spaces and extended b-metric spaces reveals significant insights into the
nature of convergence and fixed points. These generalized spaces provide a framework that extends traditional metric space
theory, allowing for the exploration of more complex relationships between points and their distances. The existence of fixed
points under contractive mappings in these spaces underscores the robustness of this mathematical concept across various
contexts. Additionally, the flexibility offered by controlled metrics and extended b-metrics opens new avenues for applications
in areas such as functional analysis and nonlinear analysis. Future research can further investigate the implications of these
mappings, potentially leading to novel solutions in both theoretical and applied mathematics.
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