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Introduction

We generalize a well-known Gregus (1980) 1% result by establishing a common fixed point theorem for self mappings that are
not always commuting of a closed and convex subset of a Banach space.

For every a, 8 in X, let G be a mapping of X into itself that satisfies the inequality |l Ga - GB Il < |l « — S II. The class of
contraction mapping is generally known to be non-expensive, and G is appropriately included in the class of all continuous
mappings. For non-expansive mappings defined on a closed, bounded, and convex subset of a uniformly convex Banach space
and in spaces with richer structure, Kirk (1965) 4 separately demonstrated a fixed point theorem.

Many authors have considered various generalizations of non-expansive mappings. Particularly noteworthy are the works of
Goebel (1969) 1; Goebel and Zlotkiewicz (1971) I'); Goebel, Kirk, and Shimi (1973) [l; Massa and Roux (1978) I; Dotson
(1972a and b) 231; Emmanuele (1981) BI; and Rhoades (1982) 4, Kirk (1965, 1981, 1983) 212131 provides a thorough overview
of fixed point theorems for non-expansive and related mappings.

However, certain mappings have a unique fixed point and meet constraints that are comparable to those of non-expansive
mappings. However, these mappings cannot be thought of as extensions of non-expansive mappings. Recent instances of this
type can be found in Rhoades (1978) and Gregus (1980) 1'%, Inspired by a contractive condition of Hardy and Rogers (1973) 4],
we expand Gregus's (1980) ' solution to the situation of two mappings in this chapter.

Let M be a subset of X that is closed and convex. In conclusion, this author demonstrated the following outcome under the
assumption that y = z in Gregus's (1980) [% contractive condition.

Preliminaries

a) Banach space

A complete vector space with a norm is called a Banach space. If two norms provide the same topology, which is equivalent to
the presence of constants and such that and hold for all, they are said to be comparable. All norms are comparable in the situation
of finite dimensions. There are numerous possible standards for an infinite-dimensional space.

b) Non expansive mapping

Let C be a nonempty convex subset of a real Banach space E and R be the set of real numbers. A mapping T: € — C is called
nonexpansive if | Tx — Tyl < llx — yllforallx, y € C.
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Theorem 1:
Let G be a mapping of M by itself, so resolving the inequality

NHGa-GBI< xlla—=B 1l +y. {ll Ga-all+11GB— B II} 1)

forall ¢, in M,where0 < x < 1,y > 0Oandx + 2y = 1. Then G has a unique fixed point.
The following theorem is now proven.

Theorem 2:
Let F and G be mappings of M into themselves satisfying the inequality

| Fa- GBII< x.lla-Bll+y. {ll Fa-all+ Il GB-B 11}

)

+z. (Il Fa- B+ GB-all}
foralla,BinM,where0 < x <1, y>0andx+2y+2z=1and (1 — y).z < xy. If

llGa-all<||Fa-all @)
V a in M, then F and G have a unique common fixed point w in M. Moreover, w is the unique fixed point of F and G.
Proof:
Let a be an arbitrary point in M. From (2), we deduce that

[ FGa-Ga |l|< x. /| Ga-all +y. {ll FGa-Ga |l + |l Ga-a ||}

+z {I| FGa-Ga |l + 1l Ga-a I}

which implies that

| Fea - Gall< {27 I Ga-all=1 Ga -all @
Similarly, we have

Il GFa - Fa |l < || Fa-all. (®)
Since (4) holds V « in M, we deduce that

Il FGFa -FGa |l < |l GFa-Fall,
Which implies, by (3) and (5), that

I| GGFa - GFa || <|| FGFa - GFa || <||Fa- all. (6)
We now define the point y by

1 1

y = EGFO,’ +EGGF0(
Then, it follows, from (6), that
21l GFa-yll= 21l GGFa -y Il = [l GGFa -GFa ll< || Fa-alll. @)
Since M is convex, y belongs to M and using (2), (5), (6) and (7), we have that

2IlFy-yll=1l2Fy — (GFa + GGFa) |l=1l Fy- GFa |l + Il Fy -GGFa || ©))

<l Fy = GFa |l + |l Fy - GGFa |
<xlly—Fall+y. {ll Fy-y Il +1l Fa-a |}
+z (Il Fy-y I+l Fa -y Il + Il GFa - y |1}
+x. ly=GFall+y. {ll Fy-yll +Il Fa- all}
+z. {lFy-y Il +ll GFa-y |l +1l GGFa -y |}

1
<x. {IIFa—yII+§. Fa—all}+ 2y. {IlFy-yv I+l Fa- a ll}
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3
+z 2IFy-yll+lFa-yll + 5. Il Fa-all}

On the other hand, using (2), (5) and (6), we obtain that
2/l Fa-yll=1l2Fa — (GFa + GGFa) ||=I| Fa - GFa || + || Fa -GGFa || 9)
<IllFa- GFall + |l Fa - GGFa |l
S| Fa-all +x.lla-GFall+y. {ll Fe-all+ || Fa-all}
+z. {l| Fa-all +|l GGFa-GFa |l + || GFa-Fa |l + || Fa-a |l }
S Fa-all+x.{ll Fe-all+ Il GFa- Fall}+ 2y +4z). || Fa-all
SA+2x+2y+4z) . | Fa-all
= (B-2y). Il Fa- all.

It is easily seen that (8) and (9) imply that

2NFy-ylI<x.2=y). lFa-all +2y {ll Fa-all +1I Fy-vy I}
+z. 211 Fy-yIl +3 — y).ll Fa- all}.

Consequently, we have that

HFy—yII< 8.1l Fa-all, (10)
Where
1 2x-— 2 3z —

inf{ll Fa - a |

It followsthat 0 < § < 1 based on the assumptions made about the constants x, y, and z. We claim that h =
| < h+ €andhence

|: a € M} = 0, otherwise for 0 < ¢ < (1 —§).h/8 , there exists a point & in M suchthat || F&d — & |
(10) impliesthat h <[|Fy-y Il < §.lIFa- a |l < §.(h+ €) < h, a contradiction.
Thus h = 0 and the sets

1
H, ={ad € M: {Il Fa-all< Z}}
are non-empty foranyn = 1,2, ...;

Now we have,
H, 2H, 2..... DH,2.... 11)

Let H,, be the closure of H,,. We now show that

diam H,, < &2 (12)

foranyn = 1,2, .......Indeed, we obtain on using (2) for all «, § in H,,,
Na=BlI<I|Fa — all+Il Fa =B
S Fa —all+11GB =B Il +1I Fa— GB ||
S% +x.la=BIl +y. {Il Fe—all+11GB—B I} +
z{lFa—all+lla=BlI+IGB—=BIl+1la—=pFI}
<2 t@r2maia-pi+ 22

_(B—x)
oon

+(@A=-2y).lla—-pgIl

By equation(3) Il GB—=BII<IIFB =B 11 < % By above inequality (12)
diam H,, = diam H,, and clearly it follows from (11) that

H, 2H,2.....2H,2....

The series diam H,, converges to zeroasn — oo by (12), indicating that {H,,} is a decreasing sequence of non-empty subsets
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of M. Cantor's intersection theorem states that since X and M are complete, there is a point w in M such that

© —
wE n H,,.
n=1

Accordingly, || Fw-w || < %for anyn = 1,2,...... ,and so Fw = w, By using (3), we have Gw = w.Then,wisa

fixed point that both F and G share. Assume that w’ is an additional fixed point of F. With (2) appliedtoa =wand 8 =w’ we
obtain that
Hw = wll=Il Fw —Gw |

<x.Jdlw-wll +z.{Iw-wll+1llw-w I}

(x + 22).1w-wll.

This implies that w* = w sincex + 2z = 1- 2y < 1. Therefore w is the unique fixed point of F and similarly it is shown
that w is the unique fixed point of G. This completes the proof.

Remark:
Theorem 2 becomes theorem 1 if F = G and z = 0 are assumed.
The following outcome is obtained by enunciating theorem 2 for certain iterates of F and G.

Theorem 3:
The theorem States that the inequality is satisfied if F and G are mappings of M into themselves.

0 Fug= Gop Il < x.lla=B Il +y. {Il Fug— all +11 Gpg =B 11}
+ z. {”Fua_ﬁ” +||G1;ﬁ_a”}

for all a, B in M, where u and v are positive integers and x, y, z are as in theorem 2. If
Il Gog—a Il <1l Fig-a ll
V a in M, then F and G have a unique common fixed point w in M. Further, w is the unique fixed point of F and G.

Proof:

By theorem 2, mapping F, and G, of M into itself have a unique common fixed point w in M. Since Fw = FE,w = E,Fw,
we deduce that Fw is also a fixed point of F,, it follows that Fw = w. Similarly, we can prove that Gw = w and therefore
w is common fixed point F and G. If w’ is another fixed point of F, then we have that F,w’ = w’ but the uniqueness of w implies
w = w'. Thus w is also the fixed point of F as well as for the mapping of G.

The following example shows the stronger generality of theorem 3 over theorem 2.

Example:
Let X be the Banach space of reals with Euclidean norm and M = [0,2]. We define F and G by putting Fa = 0if 0 < a <

1, Fa = z ifl <a<2 Ga=0if0< a <2and Ga = gThen the condition (2) of theorem 1 does not hold,

Otherwise, we should have for @ = 1andﬁ:2§ =IF,-G < xl2=11+y{l1- gu +112- gu} + z{ll z -
1 +112- 21}

3y 11z

= x + = + —

YT T
=1-2y -2z + 2 +

11z
5

Which implies §+ 7?3; < g ,i.e,1+ 7y < z, acontradiction. However, the conditions of theorem 3 are trivially satisfied for

u =v = 2Since F2a = G2a =0forallain M.

Although the contradictive condition used in this chapter is more general than (2), we explicitly note that the results for F = G
are not comparable to the results where the additional assumptions on the coefficients and the uniform convexity of X neither
imply nor are implied by the assumptions of theorem 2.

References:

1. Singh BK, Pathak PK. Common fixed point theorem and non-expansive mapping in Banach space. JETIR. 2019;6:198—
201.

2. Kirk WA. A fixed point theorem for mappings which do not increase distances. Am Math Mon. 1965;72:1004-6.

3. Dotson WG Jr. Fixed points of quasi-non-expansive mappings. J Austral Math Soc. 1972;13:167-70.

4. Dotson WG Jr. Fixed points theorems for non-expansive mappings on star-shaped subsets of Banach spaces. J London Math

728|Page



International Journal of Multidisciplinary Research and Growth Evaluation www.allmultidisciplinaryjournal.com

RBwo~NoO

= o

12.
. Kirk WA. Fixed points theorems for non-expansive mappings. Lecture Notes in Math. Vol. 886. Springer-Verlag; 1981. p.

14.

Soc. 1972;4:408-10.

Emmanuele G. Fixed points theorems in complete metric space. Nonlinear Anal. 1981;5:287-92.

Goebel K. An elementary proof of the fixed points theorem of Browder and Kirk. Michigan Math J. 1969;16:381-3.
Goebel K, Zlotkiewicz E. Some fixed points theorems in Banach spaces. Collog Math. 1971;13:103-6.

Goebel K, Kirk WA, Siumi TN. A fixed point theorem in uniformly convex spaces. Boll Un Mat Ital. 1973;4(7):67-75.
Massa S, Roux D. A fixed point theorem for generalized non-expansive mappings. Boll Un Mat Ital. 1978;5(15A):624—34.
Gregus M Jr. A fixed point theorem in Banach space. Boll Un Mat Ital. 1980;5(17A):193-8.

Rhodes BE. Some fixed point theorems for generalized non-expansive mappings in nonlinear analysis and application.
Lecture Notes in Pure Appl Math. 1982;80:223-8.

Kirk WA. Fixed points theorems for non-expansive mappings Il. Contemp Math. 1983;18:121-40.

484-505.
Hardy GE, Rogers TD. A generalization of a fixed point of Reich. Can Math Bull. 1971;16:201-6.

729|Page



