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Article Info Abstract
This paper studies the two — term conjugate gradient method for unconstrained
SOy _ optimization problem. Our idea is based on work scaled as convex combination of the
{}SSIN (orll(;ge). 2582-7138 Dai and Liao CG method. The conjugacy condition and global convergence for the
Isgul:ar'ngz-l proposed algorithms are satisfied under some assumptions. For our numerical results
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1. Introduction
We consider the minimization problem of a smooth nonlinear function f: R™ — R:

min - f(x),

@

In the case where the number of variables n is large, and where analytic expressions for the function f and the gradient g are

available

The iterative formula of a CG method is given by

xk+1 = xk +Sk, Sk = akdk, k = 1, 2,..., (2)

in which oy is a step-length to be computed by a line search procedure and dy is the search direction defined by

dy = =g1, dir1 = —Gk+1 + Prdi, k= 1,2,.., 3)

where g, = Vf(x;) and B, is a parameter called the conjugacy condition. The step-length «; is usually chosen to satisfy certain
line search conditions (61,
For general nonlinear functions, different choices of g, lead to different conjugate gradient methods. Well-known formulas

for 3, are called the Fletcher-Reeves (FR) 2, Hestenes -Stiefel (HS) '], and Polak-Ribiere (PR) [€l. are given by:

FR _
K =

llgiesall®

gl ’
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T
HS _ Jk+1Vk
k d£Yk

T
PR _ 9k+1Yk
k lgkll2

Where Y, = 0.1 — 9y

The line search in conjugate gradient algorithms is often based on the standared Wolfe Conditions (SDWC) [12 13;
f (e + agedy) — f(xi) < paggicdy 4)

Gi+1di = ogidy, ()

Where d is a descent directionand 0 < p < o < 1. However, for some conjugate gradient algorithms, a Stronger version of the
Wolfe line 3

|gk+1di| < —ogkdy, (6)
Is needed to ensure the convergence and to enhance the stability.

2. The derivation of the new AK2 conjugate gradient (CG) method

Based on an extended conjugacy condition, one of the essential CG methods has been proposed by P, with the following CG
parameter. The aim of this section is to derive a new two-term conjugate gradient method Aynur and Khalil (AK2 say) by using
Dai and Liao CG method. consider the search direction given by Dai and Liao

J/;T;gk+1 —t Sggk+1 7
T k T Ski (7
SkYk SkYk

dif1 = —Grsr +
Where t is a nonnegative parameter and y, = gr+1 — gk, It is remarkable that numerical performance of the DL method is very
dependent on the parameter t for which there is no any optimal choice ™. It has been attempts to find an ideal value for t.

Now in this paragraph we will give a new model for the parameter ¢, Based on the principle of the convex combination to take
advantage of existing properties in parameter the vehicle without neglecting and as well as the fact that this new parameter called
AK2 will be used to expand the conjugate gradient method CG used to solve convex general functions.

The proposed parameter as a convex combination of (BP%)

The parameter proposed AK2 convex combination of parameter P Based on the convex combination parameter, So the linear
combination of the search direction dj..; becomes as follows:

dAKZ + <l g£+1yk (1 /’l) g£+1sk) 8
oo = — bl o SO — Zxtl Rl g
k+1 Ir+1 STyx Ty ) 5k (8)
By multiplying both sides of the equation (8) in y{ and use conjugacy condition v} dy.; = —gF 1Sk,

. T JAK2 T 9£+1YI< g£+1sk T T

S Vi dirt = —Gke Ve t A—ST — (1 =-D=F=)SkVk = —Gk+15k

kVk SkVk

Now we simplify the equation and delete similar terms to get the following

—Jhw1 Y + ﬂgLyyk/—fmlsk + Agi 415k 7@f+1sk
(Gh+1Yx + Gier15K) = Gir1Vk

T
— Ik+1Yk (9)
=T T )
Ir+1Ykt9k+15k
Ik415k
_ +1 .
1-1=— — (10)
Iie+1Ykt Ik +15k

Substitute (9) and (10) in the equation (8) we get:

T T T T

dAK2 = _ + Ik+1Vk  Gk+1Vk Jk+15k . Gk+15k (11)
k+1 = —Yk+1 T T T T T T S

Ji+1YkTIk+15k Sk Yk Ji+1YkTIk+15k  SiVk

It is the new search direction.
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Algorithm (AK2)

. Select a starting point x; € domf and € > 0, compute f; = f(x;) and g; = Vf(x,). Select some positive values
Step (1): f _ _

orpando. Setd, = —g, and k = 1.
Step (2): Test for convergence. If ||gxll.. < €, then stop x;is optimal ; otherwise go to step (3).
Step (3): Determine the step length «;, by using the Wolfe line search conditions (4)-(5).
Step (4): Update the variables as : x., = x;, + a,d;. Compute f, ., and g,.,. Compute y, = gr4+1 — grand s = X1 —
X

Step (5): Compute the search direction as: d{X? in (11).
Step (6): Set k = k + 1 and go to step 2.
In the following theorem we will show that our method generates a descent direction for all k.

3. Convergence analysis

Assume the following.

(1) The level set S ={x € R™: f(x) < f(x,)} is bounded, i. e. there exists positive constant B > 0 such that, for all x €
S, llx|l < B.

(2) (2) Inaneighborhood N of S the function f is continuously differentiable and its gradient is Lipschitz continuous, i. e. there
exists a constant L > Osuch that |[Vf(x) = Vf(W)| < L||x — y||, forall x,y € N.

Under these assumptions on f, there exists a constant I' > 0 such that ||V f(x)|| < I', for all x € S. Observe that the assumption
that the function f is bounded below is weaker than the usual assumption that the level set is bounded. Although the search
directions generated by (2. 4) are always descent directions, to ensure convergence of the algorithm we need to constrain the
choice of the step length a;. The following proposition shows that the Wolfe line search always gives a lower bound for the step
length a.

Proposition 1 [0

Suppose that d, is a descent direction and that the gradient Vf satisfies the Lipschitz condition ||V f (x) — V£ (x )1l < Lllx — x|l
for all x on the line segment connecting x; and x;,,, where L is a positive constant. If the line search satisfies the Wolfe
conditions (4) and (5), then

(1-9)|gik |

T Z gz (12)
Proposition 2 [

Suppose that assumptions (1) and (2) hold. Consider the algorithm (2) and (11), where d,, is a descent direction anda,, is
computed by the general Wolfe line search (4) and (5). Then

w (gfan)’
Xik=0 gz < T (13)

Proposition 3 (1112
Suppose that assumptions (1) and (2) hold, and consider any conjugate gradient algorithm (2), where d is a descent direction
anda,, is obtained by the strong Wolfe line search (4) and (1. 6). If

1

Zka1W = oo, (14)
then
lim  infllgill, (15)
k-

For uniformly convex functions, we can prove that the norm of the direction d,,, ; generated by (11) is bounded above. Therefore,
by Proposition 3, we can prove the following result.

Theorem (1): Suppose that assumptions (1) and (2) hold, and consider the algorithm (2) and (11), where d is a descent direction
and ay, is computed by the strong Wolfe line search (4) and (6). Suppose that f is a uniformly convex function on S, i. e., there
exists a constant ¢ > 0 such that !

(V) = V) (x = y) = pllx = yll* forall x,y € N; (16)
then
lim gl = o. (17)
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Proof: The prove is by Contradiction.

il = [|-gin + (oo ohpe st _ o g |

* * Ghe1Vk+ k15K SEYk Ghe1 Y+ Ikr15k  SkVk
”d ” < ”g ”+ gi+all® lyill® skl lgr+alZ Nsel? skl

fer1ll = NIk+1 Mgr+1ll Myrl+lgr+all lselD  wlsell? (el Yrl+lgr+all Usel)  pllsel?
”d ” < ”g ”+ gi+all® lyill® skl lgr+1lZ lskl? skl

fer1ll = NIk+1 Mgr+1ll Myrll+lgr+all lselD  wlsill? Agr+all 1rl+lgr+all Nsel)  pllsell?

lgreall® Iyl llgrsall® skl
ldisall < lgrsall + +
lgr+1ICyrl+lsel)  wlisell ~ Ngr+IAVEl+lsel)  w

By assumption 2 and Lipschitz continuity, we have ||y, |l < L||s,|. we get

risgll? r skl
@liskll+lseld  pllsell — Clisel+lIselD w1

ldiesall =T+

rL? r
L+1)p + L+1)p

[[dessll =T +

rL?+r
< P
[[dessll =T + e

r(L?+1)
ldisill =T + D)

ruL+1)+r(L?+1)

L

It is a bove relation we get

1 p(L+1) )2 _
> =
Zicz1 ldg+112 — (I"u(L+1)+1“(L2+1) Ypz1 1=

And using Proposition (3) then satisfy ;lcilr}o”gk” =0

4. Numerical results and comparisons

In this section, we report some numerical results on 75 nonlinear unconstrained test problems. For each test problem, the
dimension n=100, ..., 1000. The Fortran expression of its function and gradient can be downloaded from N. Andrei’s website:
The following CG methods in the form of (2) and (3), only different in the choice of the CG parameter, are test:

1. The DL method B

T T
,BDL _ Ik+1Yk t5k9k+1 t=1
- T T b=
dp Yk di Yk

2. The AK2 method (Algorithm AK2):

T T T T
‘BAKZ — Ik+1Vk L 9k+1YEk Ik+15k . k+15k
- T T T T T T
Jk+1YktIk+15k  SkVk Ik+1YktIk+15k  SiVk

Here we utilize the source code Fortran 77 on N. Andrei’s website. All the parameters, including the parameters p = 0. 0001, o
=0. 9, are set as default. The implementations are run on PC with 1. 3 GHz CPU

processor and 760 MB RAM memory. We stop the iterations if the inequality || g, |l. < 107 is satisfied.

We adopt the performance profiles by Dolan and More” ©°l to compare the performance among the tested methods. For n, and
np,problems, the performance profile P: R — [0, 1] is defined as follows:

Let P and S be the set of problems and the set of solvers, respectively. For each problem p € P and for each solver s € S, we
define t, ;: = (computing time or (number of iterations, etc. ) required to solve problem pby solver s ). The performance ratio is
givenby r, 1 = tp,s/TEiglfp,s- Then the performance profile is defined by:

P(1r) = nl—psize {pEP: 1, <1}V €Rwheresize {p € P: r,, < 7} stands

For the number of elements of the set {p € P : 7, ¢ < 7}. Note that if the performance profile of a method is over the performance
profiles of the other methods, then this method performed better than the other methods.
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Figures 1-3 are the performance profiles measured by the number of iterations, the number of function and gradient evaluations,
and CPU time respectively. From Figures1-3, we can observe that our proposed method (AK2) numerically outperforms with
slight superiority to the other methods, since the figures graphically illustrate that the curves of AK2 are always the top performer
for almost all values of t. The possible reason is that our method suggests optimal value for the parameter t which is an open
question.

5. Conclusion

In this paper, a new two —term conjugate gradient algorithm, as a modification of the DL methods which generates conjugate
directions. Under suitable assumptions our method have been shown to converge globally. In numerical experiments, we have
confirmed the effectiveness of the proposed method by using performance profile.
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