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Introduction
Let f be the class of functions f(z) defined by

f@) =z+Ei, 2" )

which are analytic in the unit disk U = {z € C: |z| < 1}. Denote by S the subclass of 4, consisting of functions which are analytic,
univalent in the unit disk U and normalized by the conditions f(0) = 0 = f'(0) — 1.

Let T denote the subclass of S consisting of functions whose non-zero coefficients, from the second on, are negative. That is, an
analytic and univalent function f(z) € T if it can be expressed as

f@) =z—-Eipaz", a2 0 @

A function f(z) € S of the form (1) is star-like in the unit disk U = {z € C: |z| < 1} if it maps a unit disk onto a star-like
domain. A necessary and sufficient condition for a function f(z)to be star-like is that

R(%) >0,z€U.

The class of all star-like functions can be denoted by S*
An analytic function f(z) of the form (1)is convex if it maps the unit disk U = {z € C: |z| < 1} conformally onto a convex
domain. Equivalently, a function f(z) is said to be convex if and only if it satisfies the following condition;

R(l + Z}f,;g)) >0,z €U.
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The class of all convex functions can be denoted by C*.

Let f(z) and g(z) be analytic functions in the unit disk U = {z € C: |z| < 1}, then f(2) is subordinate to g(z) in the unit disk
U written as f(z) < g(z), if there exists a function w(z), analytic in the unit disk satisfying the conditions w(0) = 0, |w(2)| <
1, which is called a Schwartz function, such that f(z) = w(g(z)). If the function g isunivalentin U, the f(2) < g(2),z€ U &

f(0) = g(0) and f(U) < g(U).
Gamma function is a generalization of the factorial function to real and complex numbers (except Z~) and it is defined by
M(z) = [, t?" e~ dt (R(z) > 0)
Beta function can be referred to as the Euler integral of the first kind, defined by
B(x,y) = f, t*"*(1 — t)*dt (x,y > 0)
For any function f(z) € T and § = 0, —neighborhood of f is defined by
235(f) ={9(@) =z — L, byz" € T: T, klay, — byl < 6}
Notably, for the identity function e(z) = z,
25(e) ={g(2) = z — T, byz" € T: T, klby| < 63

Atshan et al [2], defined and study the integral operator 1(z), represented by

=0="T"5sEe (1-97 rou

(t>0,y>-1,ze ).
and it can be easily verified that

w T+ (T+y+1

12) = @ = 2= i pme i ®
Researchers in the geometric function theory have introduced several subclasses of analytic univalent functions defined in the
unitdisk U = {z € C:|z| < 1} and studied their geometric properties, () (61 [7l), Integral operators play a vital role in geometric
function theory and this has attracted the attention lot of researchers in this line, to further introduce new classes of univalent
functions defined by subordination — based integral operator within the unit disk U and as well investigate their geometric
properties. For further study, see ([t B (8. 131y

In light of this progression, the current study introduces an integral operator which extends the work of Atshan et al [2] by
incorporating additional complex parameters.

Lemmal®@

Let Q(A4, B, a, n) consists of all analytic functions m in U for which m(0) = 1 and

1+[B+a((1-a)+(A-B)]
m(p) = MGl

z€U -1<B<A<10<a<l.

Definition 1: A function f € T of the form (2) belongs to the class $(4, B, a,v, 7, 0) if

1 (zI'(2)
1(z)

1+-= { - 1} <m(z) (4)

c€e{C\0},zeU,-1<B<A<1,0<a<1lt>0y>-1.

Remark 1:

zI'(2)
1(z)

I'(2)
1(2)

wheno =1; 1 +- { — 1} < m(z) reduces to === < m(z) [2]

zI'(2)

il (Z) 1+Az +Az
D 5, o]

whenb =1, =1; 1+ { o<

1} < m(z) reduces to z—=
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Definition 2: A function f € T of the form (2) belongs to the class (4, B, a,y, 1) if
I'(z) < m(z)
z€U,-1<B<A<1l0<a<1l,7t>0,y>-1
2. Main Results

Coefficient Inequality
Theorem 1: A function f € T of the form (2) belongs to the class $(4, B, B, p u, o) if and only if

e [ foa((1 - ) + (4= B)) = (k= D(B — D}ay < oa((1 - @) + (4 - B)) ®)

c€e{C\0},zeU,-1<B<A<1,0<a<1lt>0,y>-1.

Proof: Let f € $(4,B,B,p u,0). Then

1 (zI'(2)
1 +;{ - 1} < m(2)

By the definition of subordination and upon simplification of (3),

zI'(2)

D om(w(z)+1—o

_ z1'(2)-1(2)
w(z) = [(2)[6{B+a(1-a)+(A-B)}-B(6-1)]-Bzl' (z) 6

It can also be seen from the definition of subordination that |w(z)| < 1, so (6) is written as

z1'(2)-1(2)
1(z)[oc{B+a(1—-a)+(A-B)}-B(c—1)]-BzI'(z) 1 (7)

w(z)| =

Using (3) in (7), it yields

3y T(y+l)T(t+y+1)
k=2T(z+y+k)T(y+1)

I e B +oa((1-a)+ (4-B))-Bijayzk

(k—1)ayzk

<1

ca((1-a)+(A-B))z
Since R(p) < |¢| < 1,¢ € C. Then

k=2 ey +rgen D%

{o‘a((l—a)+(A—B))—Z:;Z%mw+aa((l—a)+(A—B))—Bk}ak

_y® T(y+l)T(t+y+1) }

Taking the value of z on the real axisas z — 1

Siee [rmree ] {oa((1 - ) + (4 = B)) = (K = D(B — D}ax < 0a((1 —a) + (4 - B))

Conversely, Suppose f(z) = z — Y5, a;z* and

i [remerer] (oa(( - @ + (A - B)) = (K = (B - D}ax < oa((1 ~ ) + (4 - B))

holds true, and

1 (zI'(2)
1 +;{ @ 1} <m(z)

Using the principle of subordination,

{Z:;S)} = om(a)(z)) +1-0 (8)

On expansion of equation (8) and making w(z) the subject of the equation
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3 TF(y+k)(t+y+1)
k=2T(t+y+k)T(y+1)

Ua((l—a)+(A—B))Z—Z?=Z%m{3+0'0¢((1—a)+(A—B))—Bk}akzk

(k—l)akzk

w(z) =

There is need to show that |w(z)| < 1 in such a way that

Yo Ty+k)r(t+y+1) _ k _ _ _ Yy T(y+k)C(t+y+1) _ _ _
=Xt rorgen K~ Daz” | <loa((l—a) + (A= B)z = Xt iorn {B+oa((1-a)+ (A-B))
Bk}a,z" |

o TW+E)T(t+y+1) o Ty+ET(t+y+1)
|_Zk=2m(k — Daz"| - |0a((1 —a)+(A—-B))z— Zk:zm{l? +oa(1l-a)+(A-B)) -
Bk}a,z¥| < 0

o TW+E)T(t+y+1) o T+ (t+y+1)
|_Zk=2m(k — Daz" | - |0a((1 —a)+(A—-B))z— Zk:zm{l? +oa(1-a)+(A-B)) -
Bk}akzk| <
_ v TF(y+k)T(t+y+1) _ kK _ _ _ v T(y+k)C(t+y+1) _ _ _
= ety oo ¢~ Dawz oa((l—a)+(A=B))z -y YTy {B+da((1-a)+ (A-B))
Bk}a,z" |

Taking z = 1;

_ Yo I(y+k)T(z+y+1) _ _ _ _ Yo T(y+k)T(z+y+1) _ _ _
|- B pem e R (k= Day | = |oa((1 - @) + (4 = B)) = Bip s et L3 (B + oa((1 - @) + (4 = B))

Bk}ay| <

i [rere ] foa((1 - ) + (A= B)) = (k= D(B ~ D}ay —oa((1— @) + (A= B) <0

Hence, f(2) € $(4,B,a, 1,7, 0).

Remark 2
1.Wheno =1,

S [ren S (oa((1 - @) + (4 = B)) = (k = D(B — D}ay — 0a((1 - @) + (4 — B)) < 0 reduces to

® F(y+k)L(T+y+1
Y . [F(V:Tm] (a(Q-)+@A-B)—k-1)B-D}ax—a(l-a)+(A—B)) <0 @
Inclusion Relations
Theorem 2: A function f € T of the form (2) belongs to the class $(4, B, a, 7, y) if and only if

Ty+K)C(z+y+1)

ety +iorg+n) 4 =(4-B) 9)

(1-B) Xio k|

z€U, -1<B<A<1,0<a<11t>0,y>-1.

Proof.
Let f(2) € T belong to the class (4, B, @, y, 7), then by the definition of class M(4, B, a,y, 1)

, 1+Az
I'(z) < 14+Bz
where
N LACAs0l\ Gar ) P
1(z) =z — ¥, [r(r+y+k)l"(y+1) Kz

, _ 1Yo Iry+k)r(t+y+1) k-1
I'(z) =1- Y= k [F(‘r+y+k)F(y+1) Az

Using the subordination principle,
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) [y +Rr@+y+ D] 1+A4w()
_Z [F(T+y+k)F(y+1) “Z =1 ¥ Bw(2)

T(y+k)T(t+y+1)

k-1
rarrrorganl 7 (1 + Bw(2)

1+ Aw(2) = (1 - Ei k|

which implies that

5 [r‘(y+k)r‘(1:+y+1) k-1
k=2 "|Trry+R)T(y+DI%k

T(y+Kk)C(z+y+1) _
(A-B)+B Z;o=2 k[m aka 1

Zoo [F(y+k)r‘(r+y+1)]
k=2 K| T lrry )T y+1)| k2 <1
(A_B)+sz=2k[w] axz -1

lw(@)] = <1

T+y+k)T(y+1)

Using |z| =r,0<r < 1;

o T(y+l)T (T+y+1) k-1 _ oo Ly +ir T4y +1) k-1
Yk=2 k [F(r+y+k)l“(y+1) ax” <(A-B)+BXik [F(T+y+k)F(V+1) Hel

© T(y+k)C(t+y+1) k _ o T(y+k)T(t+y+1) k
Li=z k [F(r+y+k)F(y+1) @rt < (A=B)r + B i, k [r(r+y+k)r(y+1)] a

If the value of r is chosen on the real axis as r — 1, then

_ o Ty+K)r'(t+y+1) k < _
(1 B) Zk:z k [F(r+y+k)l"(y+1) Q™ = (A B)
It is important to show that

’ 1+Az

I (Z) =< 1+Bz
i.e.

1-Y2 k [F(y+k)1“(r+y+1) k-1 _ 1+Aw(2)

k=2 " r@+y+iorg+nl 7k ~ 1+Bw(2)
Since
o T(y+k)'(t+y+1)
|0.)(Z)| Lr=2 [F(r+y+k)l“(y+1)] kZ
- T(y+KIr(T+y+1)
(A-B)+B XL 2k[r‘(r+y+k)rr‘(y+1)] 2471

We need to show that |w(z)| < 1, which implies that

I T(y+k)T(z+y+1) k-1 _ . T(y+k)T(t+y+1) k-1
|Zk=2k [F(T+y+k)F(y+1) Ak | < |(A B) + B Yi=o k [F(T+y+k)[‘(y+1)] A2 |

0 TF(y+k)TC(t+y+1) 1 T(y+k)C(t+y+1) k-1
|Zk=2k [[‘(r+y+k)F(y+1) 2" | |(A B) + B Yi= k [F(T+y+k)F(y+1) Ak | <0

Bk [T ) 4 By 4 By, e [FOOTE ) i

r(t+y+k)(y+1) I(t+y+K)r(y+1)
o T +K)T(T+y+1) [F(V+k)F(T+V+1)] k |
< _ VAL )
- |2"=2 [F(‘L’+y+k)F(V+1) - =Bz =B T(T+y+k)I(y+1) Gz
I~ T'(y+k)TI(t+y+1) o [F(y+k)[‘(‘r+y+1)
< e — — - ey
< Ximo k [F(r+y+k)l“(y+1) k= (A=B) = BYicp k T(x+y+K)0(y+1)

T(y+k)T(z+y+1)
C(t+y+k)T(y+1)

< (1-B)Zi k| G —(A—B) <0

Which gives that |w(z)| < 1 by maximum modulus theorem. Hence, f € M(4,B, a,y, 1)
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Theorem 3:
Let
_ A-B
- T'(y+k)I'(t+y+1)
(I_B)k[r‘(r+y+k)r(y+1)

Then M(A,B,a,y,T) € 25(e)

Proof.
If f € M(4, B, a,y,T) then it can be seen from (9) that

T(y+k)T(z+y+1)

— o < -
(1-=B) Xr=z k [F(T+y+k)l"(}/+1) % =4-5
. A-B _
Yz ka, < W [CHOTHy+D] — 8
=Bt

Which implies that f € 24
Therefore, M(A4,B,a,y,T) € 5

Conclusion

Two new subordination-based classes of analytic functions defined in the unit disk U = {z € C: |z| < 1}, by incorporating a
complex parameter into the framework of Atshan et al 2, were introduced. We established coefficient inequality for the functions
in this class and investigated it’s neigbhourhood properties, the results obtained generalized the original work of Atshan et al [2,
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